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Abstract. Using the notion of generalized fuzzy sets, we introduce the notions of generalized fuzzy hyper-
ideals, generalized fuzzy bi-hyperideals, and generalized fuzzy normal bi-hyperideals in an ordered non-
associative and non-commutative algebraic structure, namely an ordered LA-semihypergroup, and we char-
acterize these hyperideals. We provide some results related to the images and preimages of generalized
fuzzy hyperideals in ordered LA-semihypergroups.
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1. INTRODUCTION

In 1934, Marty [1] gave the concept of hypergroups. The difference between a classical algebraic structure
and hyperstructures is that the composition of two elements is an element, while in an algebraic hyper-
structures, the composition of two elements is a set. A recent book on hyperstructures [2] pointed out their
applications in rough set theory, cryptography, codes, automata, probability, geometry, lattices, binary re-
lations, graphs, and hypergraphs. Another book [3] is devoted especially to the study of hyperring theory.
Bonansinga and Corsini [4], Corsini and Cristea [5], Davvaz [6] and Hasankhani [7] added many results
to hyperstructure theory. Recently, Hila and Dine [8] introduced the notion of LA-semihypergroups which
is the generalization of semigroups, semihypergroups, and LA-semigroups. Further, Yaqoob et al. [9]
studied the concept of intra-regular LA-semihypergroups with pure left identity and Yousafzai and Corsini
[10] considered some characterization problems in LA-semihypergroups. The basic idea of ordered semihy-
pergroups was introduced by Heidari and Davvaz in [11], where they used a binary relation < in semihyper-
group (H, o) such that the binary relation is a partial order and the structure (H,o, <) is known as ordered
semihypergroups. The ordering in LA-semihypergroup was introduced by Yaqoob and Gulistan in [12].
The most appropriate theory for dealing with uncertainties is the theory of fuzzy sets developed by Zadeh
[13]. Murali [14] defined the concept of belongingness of a fuzzy point to a fuzzy subset under a natural
equivalence on a fuzzy subset. The idea of quasi-coincidence of a fuzzy point with a fuzzy set defined in
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[15] played a vital role in the generation of some different types of fuzzy subgroups. It is worth mentioning
that Bhakat and Das [16] gave the concept of (a,)-fuzzy subgroups by using the “belongs to” relation
€ and “quasi coincident with” relation g between a fuzzy point and a fuzzy subgroup, and introduced the
concept of an (€, € Vq)-fuzzy subgroup, where o, 8 € {€,q,€ Vgq,€ Aq} and o #€ Agq. In particular, a
(€, € Vq)-fuzzy subgroup is an important and useful generalization of Rosenfeld’s fuzzy subgroup.

Fuzzy hyperideals of ordered semihypergroups were investigated by Pibaljommee et al. [17]. Further,
ordered semihypergroups in terms of fuzzy hyperideals were considered by Tang et al. [18]. Recently, Azhar
et al. [19] discussed fuzzy hyperideals of ordered LA-semihypergroups. More recently, Azhar et al. [20]
gave the concept of (&€, € Vgy)-fuzzy hyperideal of an ordered LA-semihypergroup by using the ordered
fuzzy points and investigated related properties. Shabir and Mahmood [21] characterized semihypergroups
by the properties of (€y, €y Vgs)-fuzzy hyperideals, see also [22,23].

In this paper, we characterize ordered LA-semihypergroups by the properties of their (€, €y Vgs)-fuzzy
hyperideals, (€y, €y Vgs)-fuzzy bi-hyperideals, and (€, €y Vgs)-fuzzy normal bi-hyperideals. We show
that the set of all (€, €, Vgs)-fuzzy hyperideals becomes an ordered LA-semihypergroup. We present
results on images and preimages of (€y, €y Vgs)-fuzzy hyperideals of ordered LA-semihypergroups.

2. PRELIMINARIES AND BASIC DEFINITIONS

In this section, we recall certain definitions and results needed for our study.

Definition 1. A map o : H x H — 2*(H) is called a hyperoperation or a join operation on the set H,
where H is a non-empty set and &7*(H) = & (H)\{0} denotes the set of all non-empty subsets of H. A
hypergroupoid is a set H together with a (binary) hyperoperation.

If A and B are two non-empty subsets of H, we denote

AoB= | aob, aocA={a}oA, andaoB={a}oB.
acAbeB

Definition 2. [8] A hypergroupoid (H,o) is called an LA-semihypergroup if for all x,y,z € H, (xoy)oz =
(zoy)ox.

The law (xoy)oz = (zoy)ox is called a left invertive law. Every LA-semihypergroup satisfies the law
(xoy)o(zow) = (xoz)o(yow) for all x,y,z,w € H. This law is known as medial law (cf. [8]).

Definition 3. [9] Let H be an LA-semihypergroup. An element e € H is called
(i) left identity (resp., pure left identity) if foralla € H,a € eoa (resp., a=eoa),
(ii) right identity (resp., pure right identity) if foralla € H,a € aoe (resp., a=aoe),
(iii) identity (resp., pure identity) if foralla € H,a € ecaNaoe (resp., a=eoaNaoe).

Definition 4. [12] Let H be a non-empty set and < be an ordered relation on H. The triplet (H,0,<) is
called an ordered LA-semihypergroup if the following conditions are satisfied:

(1) (H,o) is an LA-semihypergroup,

(2) (H,<) is a partially ordered set,

(3) for every a,b,c € H, a < b implies aoc < bocand coa < cob, where aoc < boc means that for
X € aoc there existy € boc such that x < y.

Definition 5. [12] If (H,o0,<) is an ordered LA-semihypergroup and A C H, then (A] is the subset of H
defined as (Al ={t € H :t < a, for some a € A}.

Definition 6. [12] A non-empty subset A of an ordered LA-semihypergroup (H,o,<) is called an LA-
subsemihypergroup of H if (AoA] C (A].
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Definition 7. [12] A non-empty subset A of an ordered LA-semihypergroup (H,o,<) is called a right (resp.,
left) hyperideal of H if

(1) AoH C A (resp., HoA C A),

(2) foreverya € H, b € A and a < b implies a € A.

If A is both right hyperideal and left hyperideal of H, then A is called a hyperideal (or two-sided hyper-
ideal) of H.

Definition 8. [19] Ler x € H, then A, = {(y,z) E HoH : x < yoz}. Let f and g be two fuzzy subsets of an
ordered LA-semihypergroup H, then f x g is defined as

V {fy)1rg(2)} ifx<yoz, for someyzcH
(f*g) (X)Z{ gvz)eAx

otherwise.

Let % (H) denote the set of all fuzzy subsets of an ordered LA-semihypergroup.

Definition 9. [19] Let (H,o,<) be an ordered LA-semihypergroup. A fuzzy subset [ : H — [0,1] is called
a fuzzy LA-subsemihypergroup of H if the following assertions are satisfied:

(i) A f()=min{f(a).f(b)},

z<ao

(ii) if a < b implies f (a) > f (b), for every a,b € H.

Definition 10. [19] Let (H,o0,<) be an ordered LA-semihypergroup. A fuzzy subset f : H — [0, 1] is called
a fuzzy right (resp., left) hyperideal of H if
(1) /\bf(Z) > f(a) (resp., /\bf(Z) > f(0)),

z<ao z<ao

(2) a < b implies f (a) > f (b), for every a,b € H.

If f is both a fuzzy right hyperideal and a fuzzy left hyperideal of H, then f is called a fuzzy hyperideal
of H.

Proposition 1. [19] Let H be an ordered LA-semihypergroup. Then the set (.7 (H),o) becomes an ordered
LA-semihypergroup, where .7 (H) denotes the family of all fuzzy subsets in H.

Definition 11. [21] For a fuzzy point a; and a fuzzy subset f of H, we say that
()a, €y fif f(a) >1>,
(ii) arqs f if f(a)+1 > 28,
(iii) ay €y Vgsfifa €y f or arqsf.

Definition 12. [21] Let y,0 € [0, 1] be such that y < 6. For any subsets A and B of H such that B C A, we
define X?B be the fuzzy subset of H by xfB(x) > 0§ for all x € B and xfB(x) < yifx ¢ B. Clearly, X?B is the
characteristic function of Bif y=0and 6 = 1.

Definition 13. [21] For any fuzzy subsets f,g of 7 (H), by f C Vq(y,5)8, we mean that x, €y f implies
X, €y Vqsg forall x € H and r € (y,1].

Definition 14. [21] f =(;5) 8 i f C Vq(y.6)8 and § C Vq(y5)f-

Lemma 1. [21] Let f and g be two fuzzy subsets. Then f C V.58 if and only if max{g(a),y} >
min{f (a),0}, where 8,7 € (0,1] such that y < 8.

Corollary 1. [21] Let f, g, and h be fuzzy subsets such that f C V58 and § CV y5)h implies [ C
Va(y.8)h-



46 Proceedings of the Estonian Academy of Sciences, 2019, 68, 1, 43-54

3. (€y,€yVqs)-FUZZY SETS IN ORDERED LA-SEMIHYPERGROUPS

In this section, we discuss some basic properties of (€, €y Vgs)-fuzzy sets in ordered LA-semihypergroups.

Definition 15. A fuzzy subset f of H is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of H
(C1)ifxy, €y fand y, €y f = (Dming, 1} Ey Vs f for every z € xoy such that y < §;
(Co)ify<xandx, €y f = y: €y Vqsf forallx,y € H,t,t1,t, € (Y,1] such that y < 6.

Example 1. Let H = {x,y,z} be an LA-semihypergroup defined as

x y
{xo} | {xy}

{x,z} | {x,2}
z z

N <=0
S B RS B ES BN

and the order relation defined as <: {(x,x),(y,y),(z,2),(z,x),(z,y)}. Then (H,o,<) is an ordered LA-
semihypergroup. If we define f(x) = 0.8, f(y) =0.7, f(z) =0.6 and t; =0.3,/, = 0.4, = 0.5, y = 0.2,
0 = 0.3, then clearly f is an (€92, €02 Vqo.1)-fuzzy LA-subsemihypergroup of H.

Theorem 1. Let f be a fuzzy subset in H. Then f is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of H if
and only if the following conditions hold:

(1) max{infzcoy f(z), 7} = min{f (x), f (y), 8},
(2)if y < x, then max{f (y),y} > min{f (x),8}, where § and y € (0,1] such that y < d.

Proof. Let f be a fuzzy subset in H such that it is an (€, €y Vg;)-fuzzy LA-subsemihypergroup. Assume
that there exist x,y € H such that (1) max{infcyoy f(z), 7} < min{f(x), f(y),0}. Then there exist z € xoy
such that

max{f(z),y} < min{f(x), f(y),6}.

Choose ¢ € (0, 1] such that max{infcroy f(z), 7} <t < min{f(x), f(y),0}. Then max{inf,c.., f(2),7y} <
t = infcroy f(2) <t <7y . It follows that (z);€, Vg f for z € xoy. On the other hand, if (+ < min{f(x),
f(y),8}), weget (f(x)>t>7v, f(y)>t>y), whichimpliesx; €, f andy; €y f but 7€, Vg f for z € xoy,
which is a contradiction to the hypothesis. Hence (1) is valid.

Again, assume that from (2) if y < x, then max{f (y),y} <t <min{f (x),6} for any ¢ € (0, 1]. We have
f(x) >1t>1vysox € fbuty,€, Vg f, which is a contradiction to the hypothesis. Hence (2) is valid.

Conversely, assume that (1) is valid and there exist x € H and t1,1, € (0, 1] such that x;, €, f, and y;, €, f.
This implies that f (x) > 1, > 7, f(y) >t > 7.

So from (1) max{inf ey f (z),y} > min{f (x),f (y),6} > min{t;,1,,8}. We have the following two
cases:

(i) If min{z1,52} < &, then infyeoy f (z) > min{z1,2} > v . This implies that Zping, 1} €y f-

(i) If min{z;,,} > &, then inf e oy f (2) +min{z1, 22} > 28. This implies that zying, 1,195f-

Hence from the above cases we get Zmin{s, 1,} €y V¢s.f- Assume (2) is valid and x € H and 7 € (0,1] such
that x; €y f. This implies that f(x) > > 7. So from (2) if y < x, then max{f (y),y} > min{f (x),0} >
min{z, 0 }. We have the following two cases:

() If < &, then f(y) > t, > y. This implies that y, €, f.

(i) If t > &, then f (y) +¢ > 248. This implies that y,gs f.

Hence from the above cases we get y; €y Vgs f. Thus f is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup
of H. O

Lemma 2. Let O # A C H. Then A is an ordered LA-subsemihypergroup of H if and only if the characteristic
function fo of Ais an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of H, where 6,7y € (0,1] such that y < 6.

Proof. The proof is straightforward. O
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Definition 16. The €, Vq;s-fuzzy level set for the fuzzy subset of f is defined as [f], = {x € H : x, €, Vqs[}.

Theorem 2. A fuzzy subset f is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of H if and only if 0 # [f, is
an LA-subsemihypergroup of H.

Proof. Let 0 # [f], be an LA-subsemihypergroup of H. We have to show that f is an (€y,€y Vgs)-
fuzzy LA-subsemihypergroup of H. Assume that x,y € H and ¢ € (0, 1], such that (max{inf.c.o, f (z),7} <
t <min{f (x),f(y),6}). Then (max{infcwy f(z),7} <t = max{f(z),y} <t, so f(z) <t <7),ie,
7€y Vg f. Onthe other hand, if (#y <min{f (x), f(y),0}),then (f(x) >t >y, f(y) >t1 > 7),ie,x, €y
f and y,, €y f, but z; €, Vg, f, which is a contradiction to the hypothesis. Thus (max{inf,c,oy f (z),7} >
min{f (x),f(y),8}). Alsoassume thatx,y € H andr € (0, 1], such that (max{f (y),y} <t <min{f (x),d}).
Then (max{f(y),y} <t = max{f(y),y} <t, so f(y) <t <y),ie., y €y Vgsf. On the other hand, if
(t <min{f(x),0}), then (f(x) >t >7),ie,x,, €y f,buty, € Vgsf, which is a contradiction to the hy-
pothesis. Thus (max{f(y),y} > min{f (x),0}). Hence f is an (€, €y Vgqs)-fuzzy LA-subsemihypergroup
of H. Conversely, let f be an (€, €y Vqs)-fuzzy LA-subsemihypergroup of H. Then x; €y [f], and y; €y [f],
imply that ((f (x) >t >7v,f(x)+t>20)) and ((f(y) >t >7,f(y)+t>28)). Now by using the hypoth-
esis we have max{inf,c oy f (z),y} > min{f (x), f(y),0} > min{¢,,8} =¢. This shows that z € [f], , for all
x € [f], andy € [f],. Also, max{f (y),y} > min{f (x),6} > min{z,6} =r and we get y < x, then y € [f],.
Hence [f], is an ordered LA-subsemihypergroup of H. O

Theorem 3. The intersection of any two (€y, €y Vqs)-fuzzy LA-subsemihypergroups of H is an (€y,€y
Vqs)-fuzzy LA-subsemihypergroup of H.

Proof. Let f and g be two (€y, €y Vgs)-fuzzy LA-subsemihypergroups of H. We will show that f N g = is
also an (€y, €y Vgs)-fuzzy LA-subsemihypergroup of H. We assume that x,, €, fNg and y,, €, fNg.
This implies that x; €y f, x, €y g and y, €y f, y,, €, g Now using the fact that f and g are two
(€y, €y Vqs)-fuzzy LA-subsemihypergroups of H, we have Zmin{r.,n} €y VqsS and Zyingy, 11 €y Vqs8. This
implies that zZying, 1 €y Vgsf Ng. Also if y < x, then assume that x,, €, f N g. This implies that x;, €y f,
X, €y & Now using the fact that f and g are two (€y, €y Vg;)-fuzzy LA-subsemihypergroups of H, we
have y; €, Vgsf and y; €, Vgsg. This implies that y, €, VgsfNg. Hence fNgis an (€y, €y Vg;)-fuzzy
LA-subsemihypergroup of H. O

Definition 17. A fuzzy subset f of H is an (€y, €y Vqs)-fuzzy left hyperideal of H if f satisfies (C;) and
X €y fiyeH= (2), €y Vgsf,t € (y,1] forallz € yox.

Definition 18. A fuzzy subset f of H is an (€y, €y Vqs)-fuzzy right hyperideal of H if f satisfies (C;) and
x €y f,y€H=>(z), €y Vgsf,t € (y,1] forall z € xoy.

A fuzzy subset f is an (€y, €y Vqs)-fuzzy hyperideal if it is both an (&,, €y Vgs)-fuzzy left and an
(€y, €y Vqs)-fuzzy right hyperideal of H.

Theorem 4. For an ordered LA-semihypergroup H, the following conditions are equivalent:
(i) fis an (€y, €y Vqs)-fuzzy left (resp., right) hyperideal of H,
(ii) 7o f CVyy.6)f (resp., fo I TV yy.5)f) where 7 (x) =1 and for all x € H.

Proof. (i)=(ii) Let f be an (€, €y Vgs)-fuzzy left hyperideal of H and a € H. Let us suppose that there
exist x,y € H such thata € xoy. In order to show that 7 o f C V(4 5)f, we have to show that

(1) (max {f (a),7} > min{A# 0 f (a),8}),

(2) if y < x, then (max {f (x),y} > min{Z o f(y),8}), where &,y € (0, 1] such that y < §.

Let us consider (1)

(A0 f)(a) = Vacroy[min{ A (x), f(¥) }] = Vaeroy[min{1, f(y) }} = Vaeroyf(¥)-
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Since f is an (€y, €y Vgs)-fuzzy left hyperideal of H, we have max{infac.oy f (a),y} > min{f(y),8}. In
particular, f(y) < f(a) for all a € xoy. Hence Vyexoyf(y) < f(a). Thus min{s# o f (a),8} = min{(1o
f)(a),6} <max{f(a),y}. If there do not exist x,y € H such thata € xoy, then 7 o f (a) = (o f)(a) =
0 < f(a) , so again we have min{.7#" o f (a),0} = min{(1 o f)(a),d} < max{f (a),7y}.

Let us consider (2)

(0 f)(a) = Vaexoy[min{H(x), f(¥)}] = Vaeroylmin{1, f(y)}] = Vyeaonf (y)-

Since fis an (€y, €y Vgs)-fuzzy left hyperideal of H, we have y < x, then (max {f (x),y} > min{f (y),6}).
In particular, f(y) < f(x). Hence Vycaopf(y) < f(x). Thus min{f (y),8} < max{f(x),y}. If there do not
existx,y € H such thata € xoy, then s o f (a) = (7 o f)(a) =0 < f(a), so again we have min{ f (y), 5} <

max {f (x),y}. Thus 70 f C Vg 5)f-
(ii)=-(i) Let x,y € H and a € xoy. Then ienf fla) > (Ao f)(a). We have
aexoy

(A of)a)= YV [min{F(x), f(y)}] = min{H(x), f(y)} = min{l, f(y)} = f(3)-

Consequently, inf,c oy f(a) > f(y), which implies that max{inf,croy f (@), ¥} > min{f (y),0}. Alsoify <x,
then f(x) > (5 o f)(y). We have

(Hof)la)= VY [min{A(x),f(y)}] = min{A(x),f(y)} = min{l, f(y)} = f(7).

Consequently, f(x) > f(y), which implies that max{f (x),y} > min{f (y),0}. Hence f is an (€y, €y Vgs)-
fuzzy left hyperideal of H. O

Theorem 5. Let f be a fuzzy subset in H. Then f is an (€y, €y \Vqs)-fuzzy left (resp., right) hyperideal of
H if and only if

max{inf /(2),7} = min{(),6},
Ify < x, then max{f(x),y} = min{f(y),8};
(resp., max{_inf f(2),7} = min{f(x),5}),
Ify < x, then max{f(x),y} > min{f(y),6},
where & and 'y € (0, 1] such that y < d.
Proof. Similar to the proof of Theorem 1. O

Theorem 6. Let O <A C H. Then A is a left (resp., right) hyperideal of H if and only if the fuzzy character-
istic function x;?A of Ais an (€y, €y Vqs)-fuzzy left (resp., right) hyperideal of H, where 8,y € D(0,1] such
that y < 4.

Proof. The proof is straightforward. O

Theorem 7. A fuzzy subset f of H is an (€y, €y Vqs)-fuzzy left (resp., right) hyperideal of H if and only if
0 # [f), is a left (resp., right) hyperideal of H.

Proof. Similar to the proof of Theorem 2. O

Theorem 8. A fuzzy subset f is an (€y, €y Vqs)-fuzzy left (resp., right, two-sided) hyperideal of H if and
only if the non-empty fuzzy level set U(f;(t,y)) ={x € H: f(x) >t > v} is a left (resp., right, two-sided)
hyperideal of H, where t,7y € [0,1).
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Proof. The proof is straightforward. O

Lemma 3. Let H be an ordered LA-semihypergroup and let f and g be an (€y, €y Vqs)-fuzzy right hyper-
ideal and (€y, €y Vqs)-fuzzy left hyperideal of H, respectively. Then fog C Vars)fNeg-

Proof. If x € H such that x ¢ yoz, then f(x) =0, so (max{f(x),y} > min{f(x),0}), and if y < x, then
max{f (x),y} > min{f (y),6}), where 8,7 € (0, 1] such that y < 8. On the other hand, if x € y oz for some
yand z € H, then we have

min {f(x),5}

min{\/XEyoz{min{f(y)vg(Z)}}7 6} = min{min{f(y),g(z)}, 5}
min{min{£(y), 8}, min{g(z), 8} }
min{max{xier;gZ f(x), }/},max{xielgZ f(x),7}} by hypothesis

max{f(x), 7},

IA

also
min{f(y),6} = min{Vyepo;{min{f(p),g(z)}},} =min{min{f(p),g(z)},5}
= min{min{f(p),8}, min{g(z),5}}
< min{max{Vyepoef (v), 7} max{Vyepocf (¥),7}} by hypothesis
= max{f(x),7}.
Thus fog C \/q(%g)fﬂg. 0

Theorem 9. Let H be an ordered LA-semihypergroup with pure left identity e. Then every (€y, €y Vqs)-fuzzy
right hyperideal of H is an (€y, €y Vqs)-fuzzy left hyperideal of H.

Proof. Let f be an (€, €y Vgs)-fuzzy right hyperideal of H, and let x,y € H. Thenz € xoy = (eox)oy =
(yox)oe,

max{ sup f(z),y} = max{ sup f(z),y} > min{f(y),6},

zexoy z€ (yox)oe

ify < x then max{f(y),7} > min{f(»),8}.

Hence f is an (€y, €y Vg5 )-fuzzy left hyperideal of H and therefore f is an (&€, €y Vg;)-fuzzy hyperideal
of H. O

Corollary 2. Let H be an ordered LA-semihypergroup with pure left identity e. Then every (€y,€y Vqs)-
fuzzy right hyperideal of H is an (€y, €y Vqs)-fuzzy hyperideal of H.

Proof. The proof is straightforward. O

Theorem 10. Let H be an ordered LA-semihypergroup and let {fi}ica be a family of (€y,€y Vqs)-fuzzy
hyperideals of H. Then Nie, fi is an (€y, €y Vqs)-fuzzy hyperideal of H.

Proof. Similar to the proof of Theorem 3. O

Definition 19. A fuzzy subset f of H is an (€y, €y Vqs)-fuzzy bi-hyperideal of H if for all x,y,z € H and
t1,tp € (0,1], it satisfies (C1), (C2) and x,, €y f, z1, €y f implies that g, 1,1 €y Vqsf for allw € (xoy)oz.
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Example 2. Let H = {e,x,y,z,w} be an LA-semihypergroup as defined below:

ole [x y z w
e |e | x y Z w
x|y |z z {z,w} | w
y |x |z z {z,w} | w
z |z | {z,w} | {zw} | {z,w} | w
w | w | w w w w

an ordered LA-semihypergroup. Define

09ifa=¢e

) 08ifac{xy}
fla)= 0.6ifa=z
0.51fa=w

t=1t1=0.3,1p=0.4,y=0.2,and 6 =0.3. Then clearly f is an (€02, €02 Vqo.1)-fuzzy bi-hyperideal of H.

Theorem 11. For an ordered LA-semihypergroup H the following holds:
(i) Every (€y Vqs,E€y Vqs)-fuzzy hyperideal of H is an (€y, €y Vqs)-fuzzy hyperideal of H.
(ii) Every (E€y, €y)-fuzzy hyperideal of H is an (€y, €y \Vqs)-fuzzy hyperideal of H.

Proof. The proof is straightforward. 0

Theorem 12. Every (€y,€y Vqs)-fuzzy left (resp., right) hyperideal of H is an (€y,€y Vqs)-fuzzy bi-
hyperideal of H.

Proof. Let f'be an (€, €y Vqs)-fuzzy left hyperideal of H. Consider max{inf; ¢ (yoy)o; f (), Y} > min{f(z), 6}
by using the fact that f is an (€y, €y Vgs)-fuzzy left hyperideal of H. Also

max{ inf f(z),y} = max{ (inf f@),y} > min{f(x),d}.
oy)oz te ox

t€(xoy) Z0y)

Combining the both, we have max{inf,¢ (yoy)o, f (), Y} > min{ f(x), f(z), 6 }. Also if y < x, then max{f(y), v}
> min{f(y),0}. Hence f is an (€, €y Vg;)-fuzzy bi-hyperideal of H. O

Theorem 13. Let .7 (H) be the set of all (€y, €y \Vqs)-fuzzy hyperideals of H. Then (% (H),U,N,C V
forms the structure of a hyperlattice.

49(7.9) )

Proof. (i) Reflexive: Since for all f € % (H), xq €y f implies that x4 €, Vgsf,Vx € H. So f C Ve S
(ii) Antisymmetric: For any f,g € .7 (H) such that f C V(. 5)g and g C V4 (y5)f, we have

((max{g(a),y} = min{f(a),8},(max{f (a),y} = min{g(a),6})),

where 8,7 € (0,1] such that y < §. We have max{min{g (x),d},y} = max{min{f (x),5},y}. Hence f =
Vo 8.
a(r.9)
(iii) Transitive: Let f,g,h € % (H) such that f C V,(, 5)8 and g C V(y,5)1. Then f C V(5 5)h by Corol-
lary 1. Thus (% (H),C V) is a poset.
Now given f,g € .% (H), we define inf{f,g} = fNg = {(x,min{f(x),g(x)}) : x € H}. In order to both
inf{f,g} and sup{f,g} belong to .7 (H), we need to show that fNg and f U g are (€, €y Vgs)-fuzzy hy-

perideals. Since the intersection of two (€y, €y Vgs)-fuzzy hyperideals is an (€, €, Vgs)-fuzzy hyperideal,
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inf{f,g} = fNge.Z(H). Since

max{ inf f(2),v} = max{ inf {max{f(z),¢(2)},7}}
= max{{ inf f(2), 7}, {inf ¢(2),7}}

max{{min{f (x),6}},{min{g (x),6}}}
min{f (x),8},
we obtain that sup{f,g} = fUg is an (&€, €y Vgs)-fuzzy right hyperideal of H. Similarly we can show

that it is an (€y, €y Vqs)-fuzzy left hyperideal of H. Hence sup{f,g} = fUg is an (€y, €y Vgs)-fuzzy
hyperideal of H. Thus sup{f,g} = fUg € F(H). Hence (¥ (H),U,N,C V. ) forms a hyperlattice. [

v

Lemma 4. Let H be an ordered LA-semihypergroup. If f and g are an (€y, €y Vqs)-fuzzy right (resp., left)
hyperideal of H, then f og is also an (€y, €y Vqs)-fuzzy right (resp., left) hyperideal of H.

Proof. The proof is straightforward. O

Theorem 14. Let .7 (H) be the set of all (€y,€y Vqs)-fuzzy hyperideals of H. Then (% (H),o) forms an
ordered LA-semihypergroup.

Proof. The proof is straightforward. O

Proposition 2. Let H be an ordered LA-semihypergroup with pure left identity e and if f is an (€y, €y Vqs)-
fuzzy right hyperideal of H, then f o f is an (€y, €y Vqs)-fuzzy hyperideal of H.

Proof. By Theorem 9 every (€y, €y Vgs)-fuzzy right hyperideal of H is an (€, €y Vgs)-fuzzy left hyper-
ideal of H. Hence f is an (€y, €y Vgs)-fuzzy hyperideal of H. Assume that there do not exist some x,y € H
such that a € xoy for a € H. Then f(a) = 0. So (max{inf;cxoy f(¢), Y} > min{f(x),8}). Now if there
exist x,y € H such that a € xoy, then min{ f(a), 8} = min{sup ¢, {min{f(x), f(y)}},6}. If a € xoy, then
aob € (xoy)ob = (boy)ox. Therefore

min{f(a),6} = min{sup {min{f(x),f(y)}},8} = min{aseggy{min{f (), f(x)}},6}

acxoy

< min{ sup {min{f(boy), f(x)}},y} <min{ sup {min{f(boy), f(x)}}, 7}
acxoy aobC(boy)ox

< max{ inf f(z),7}.

Thus (max{inf,cqop f(z), Y} > min{f(a),0}). Also if y < x, then max{f(y),y} > min{f(y),8}. Hence
fofisan (€y,€yVgs)-fuzzy right hyperideal of H. Now by Theorem 9 every (€y, €y Vgs)-fuzzy right hy-
perideal of H is an (€, € Vqs)-fuzzy left hyperideal of H. Hence fo f is an (€y, €y Vgs)-fuzzy hyperideal
of H. U

Theorem 15. Let .7 (H) be the set of all (€y,€y Vqs)-fuzzy hyperideals of H and H have the pure left
identity. Then for any f,g,h € F(H), fo(goh) =go(foh).

Proof. The proof is straightforward. 0

Definition 20. An (€, €y Vgs)-fuzzy bi-hyperideal f of H is an (€y, €y Vqs)-fuzzy normal bi-hyperideal if
FO)=1.

Theorem 16. Let f* be an (€y, €y Vqs)-fuzzy subset in H defined by f(x) = f(x)+1— f(0). If f is an
(€y,€y Va5 )-fuzzy bi-hyperideal of H, then f* is an (€y,€y Vqs)-fuzzy normal bi-hyperideal of H which
contains f.
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Proof. We have f(0) = f(0)+1— f(0) = 1. Given x,y,z € H, we have
f. y

min{ inf f(z),y} = min{zieggyf(z)-F 1—£(0),v}

> max{f(x)+1-£(0),f(y)+1-f(0),8}
= max{f(x),f(y),6},

and if y <x, then max{f(y),y} > min{f(y),8}. Therefore f* is an (&, €y Vgs)-fuzzy normal bi-hyperideal
of H. It is obvious that f* contains f. O

] = [0,1] and f> =1[0,1] —

Theorem 17. Let f be an (€y, €y Vqs)-fuzzy bi-hyperideal of H. Let f! : [0,1
Yf(x)) is an (€y,€y Vqs)-fuzzy

[0,1] be increasing functions. Then the fuzzy subset f; defined by f(x) = f
bi-hyperideal of H. In particular, if f'(f(0)) = 1, then f7 is normal.

Proof. Letx,y € H. Then consider

max{ inf f(r),7} = max{ mff (f(6). v}

texoy )
min{f' (f(x)), ' (f(»)),8}
= min{f(x),f(y),6}

and if y < x, then max{ f(x),y} > min{f(y),8}. Thus f; is an (&, €y Vgs)-fuzzy bi-hyperideal of H. Now
if f1(f(0)) =1, then f(0) =1, so f is normal. O

v

4. IMAGES AND PREIMAGES OF (€,,€,Vqs)-FUZZY HYPERIDEALS

In this section we will present some results on images and preimages of (€y, €y Vgs)-fuzzy hyperideals of
ordered LA-semihypergroups.

Definition 21. A map f : Hi — H, where both H; and H, are LA-semihypergroups is called inclusion
homomorphism if f(aob) C f(a)o f(b) for all a,b € H;.

Let us denote by .% (H;) the family of fuzzy subsets in a set H,. Let H; and H, be given classical sets.
A mapping & : Hy — H, induces two mappings 7, : F (Hy) — .F (Ha), f+ F(f), and F, ' : F (H,) —
F(H), g F, '(g), where F,(f) is given by

Supyepn) S(¥) iERTH(Y) # 0
Fn(f)y) = ;

0 otherwise

forally € H and .%, ! (g) is defined by .7, ' (g)(x) = g(h(x)). Then the mapping .7, (resp., %, ') is called
an (€, €y Vgs)-fuzzy transformation (resp., inverse (€y, €y Vqs)-fuzzy transformation) induced by 4. An
(€y,€y Vgs)-fuzzy subset in Hy has the (€, €y Vqs)-fuzzy property if for any subset T of H there exists
xo € T such that f(xo) = sup,cp f(x).

Theorem 18. For a hyperhomomorphism h : Hy — H, of ordered LA-semihypergroups, let F), : F (H) —
F(Hy) and F, '+ F(Hy) — F(H,) be an (€y, €y Vqs)-fuzzy transformation and inverse (Ey,E€y \Vqs)-
[fuzzy transformation, respectively, induced by h.

(i)If f € F (Hy) is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of Hy which has the (€y, €y Vqs)-fuzzy
property, then Zy(f) is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of Ho.

(ii) If g € F (H,) is an (€y, €y Vqs)-fuzzy LA-subsemihypergroup of Hy, then ﬁh_] (g) is an (€y,€y
Vqs)-fuzzy LA-subsemihypergroup of H,.
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Proof. (i) Given h(x),h(y) € h(H), let xo € h~'(h(x)) and yo € A~ (h(y)) be such that

fxo)="sup f(a).

ach=1(h(x))

Then

max{F,(f)(h(x)h(y)),y} = max{ sup  (f)(z),7}

zeh! (h(x)h(y))
max{(f)(xooyo0), v}
mln{(f) (x0>7 (f) (yO)v 6}

= min{ sup f(a), sup f(b),8}
ach=1(h(x)) beh=1(h(y))

min{Fj,(f)(h(x)), Fa(f)(h(y)), 6},

also if y < x and we have max{F,(f)/(h(x)),y} > min{F,(f)(h(y)),8}. Thus F,(f) is an (€y,€y Vgs)-
fuzzy LA-subsemihypergroup of H,.
(i1) For any x,y € H;, we have

max{Fh_1 (g)(xoy),y} = max{g(h)(xy),y}
max{g((1)(x)(h)(y)), 7}

v

min{(g)(h(x)), (g)(h(y)),6}
= min{F, (&)%), F, '(&)(), 8},

also if y < x and we have max{F, ' (g)(x),y} > min{F, ' (g)(y),8}. Hence F, '(g) is an (€y, €, Vgs)-fuzzy
LA-subsemihypergroup of H;. O

Theorem 19. For a hyperhomomorphism h : Hy — Hy of LA-semihypergroups, let Fy, : F (H,) — F (H;) and
Fh_1 : F(Hy) — F(Hy) be the (€y,€y Vqs)-fuzzy transformation and inverse (€y, €y Vqs)-fuzzy transfor-
mation, respectively, induced by h.

(i) If f € F(Hy) is an (€y, €y Vqs)-fuzzy left (resp., right) ideal of Hy which has the (€y, €y Vqs)-fuzzy
property, then F;(f) is an (€y, €y Vqs)-fuzzy left (resp., right) ideal of H,.

(ii) If g € F(Ha) is an (€y, €y Vqs)-fuzzy left (resp., right) ideal of H,, then Fh_l (g) isan (€y,€4 Vqs)-
Sfuzzy left (resp., right) ideal of H,.

Proof. The proof is straightforward. O

5. CONCLUSION

In this paper we introduced a new type of fuzzy subsets, namely (€y,€y Vgs)-fuzzy subsets in non-
associative ordered semihypergroups. We defined different types of (&€,, €y, Vgs)-fuzzy hyperideals of
ordered LA-semihypergroups. In future we are aiming to get more results related to

1. (€4, €y Vqs)-fuzzy subsets in regular and intra-regular ordered LA-semihypergroups,

2. (€4, €y Vgs)-tuzzy interior hyperideals in ordered LA-semihypergroups,

3. (€y, €y Vgs)-fuzzy quasi-hyperideals in ordered LA-semihypergroups.
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