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Abstract. It is proved that each group of order 32, which has a maximal subgroup isomorphic to C4 X Cp X C3, is determined by its
endomorphism semigroup in the class of all groups.
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1. INTRODUCTION

It is well known that all endomorphisms of an Abelian group form a ring and many of its properties can be
characterized by this ring. An excellent overview of the present situation in the theory of endomorphism
rings of groups is given by Krylov, Mikhalev, and Tuganbaev [6]. All endomorphisms of an arbitrary group
form only a semigroup. The theory of endomorphism semigroups of groups is quite modestly developed.
In a number of our papers we have made efforts to describe some properties of groups by the properties of
their endomorphism semigroups. For example, we have proved that many well-known classes of groups are
determined by their endomorphism semigroups in the class of all groups. Note that if G is a fixed group
and an isomorphism of semigroups End(G) and End(H), where H is an arbitrary group, always implies
an isomorphism of G and H, we say that the group G is determined by its endomorphism semigroup in the
class of all groups. Some of such groups are finite Abelian groups ([7], Theorem 4.2), generalized quaternion
groups ([8], Corollary 1), torsion-free divisible Abelian groups ([10], Theorem 1), etc. On the other hand,
there exist many examples of groups that are not determined by their endomorphism semigroups in the
class of all groups. For example, the following result of Corner [2] is well known: any countable, reduced,
torsion-free, associative ring with unity is an endomorphism ring for a continual number of countable,
reduced, torsion-free Abelian groups. An example of non-Abelian groups that are not determined by their
endomorphism semigroups in the class of all groups is the following: the groups

G={(a,b|b*=a"" =1, b lab=a'®) = (a) X\ (b)

and
H={(c,d|d®="=1,d"'cd =) = (c)\(d)

are non-isomorphic but their endomorphism semigroups are isomorphic [9].
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We know a complete answer to this problem for finite groups of order less than 32. It was proved in [13]
that among the finite groups of order less than 32 only the alternating group A4 (also called the tetrahedral
group) and the binary tetrahedral group {(a, b | b> = 1, aba = bab) are not determined by their endomorphism
semigroups in the class of all groups. These two groups are non-isomorphic but their endomorphism
semigroups are isomorphic. It was natural to consider the groups of order 32. All groups of order 32
were described by Hall and Senior [S]. There exist exactly 51 non-isomorphic groups of order 32. In [5],
these groups are numbered by 1, 2,...,51. We shall mark these groups by ¥, %,..., %), respectively.
The groups ¢, —%; are Abelian, and, therefore, are determined by their endomorphism semigroups in the
class of all groups ([7], Theorem 4.2). In [3], it was proved that the groups of order 32, presentable in the
form (C4 x C4) X C; (Cy — the cyclic group of order k), are determined by their endomorphism semigroups
in the class of all groups. The groups of this type are 43, Y14, Y16, %1, G4, D9, Ya1. In [4], it was proved
that the groups of order 32 presentable in the form (Cg x C;) X\ C; are determined by their endomorphism
semigroups in the class of all groups. The groups of this type are ¥4, 417, %0, %26, %27

In this paper, we consider the groups of order 32 that have a maximal subgroup isomorphic to
C4 X C; X G, and prove the following theorem:

Theorem 1.1. Each group of order 32, which has a maximal subgroup isomorphic to Cy X Cy X Cy, is
determined by its endomorphism semigroup in the class of all groups.

The groups of order 32 which have a maximal subgroup isomorphic to C4 x C; x C; are:
D, G, Ga, 93, Do, S10, G11, Y12, D13, D14, G165 G185 D20, D36, D37, Das-

To prove the theorem, the characterization of these groups by their endomorphism semigroups will be given.
These characterization properties, which are preserved by isomorphisms of endomorphism semigroups, will
then be used in the proofs.

We shall use the following notations:
G — a group;
End(G) — the endomorphism semigroup of G;
C}. — the cyclic group of order k;
Zy, — the ring of residual classes modulo k;
(K,...,g,...)— the subgroup generated by subsets K. .. and elements g, ...;
[a,b] =a"'b~'ab (a,b € G);
G’ — the commutator-group of G;
g — the inner automorphism of G, generated by an element g € G;
I(G) — the set of all idempotents of End(G);
K(x) = {z € End(G) | 2x = xz = 2};
P(x) ={z € End(G) | zx =xz = x};
J(x) ={z € End(G) | zx =xz =0};
V(x) ={z € Aut(G) | zx = x};
H(x)={z€End(G) |xz=1z, zx=0};
x| ={z€I(G) | xz2=1z, x=x}, x € I(G).

The sets K(x), V(x), P(x), and J(x) are subsemigroups of End(G), however, V(x) is a subgroup of
Aut(G). We shall write the mapping right from the element on which it acts.

2. GROUPS THAT HAVE A MAXIMAL SUBGROUP C4 x Cy x Cy

In this section, using results obtained by Hall and Senior [5], the list of all groups of order 32 that have a
maximal subgroup C4 X C; x C; is given. To this end, denote:
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eQ={(a,b|a*=1, b>=d? b 'ab=a"") - the quaternion group;
eDy={a,b|a*=b*>=1, b~'ab=a") - the dihedral group of order 8;
e Y61 ={a,b,c|la*=b*=c>=1,ab=ba, c'bc=ba*, clac=a');
e Y62="{a,b,c|a*=b*=c?>=1, ab=ba, bc =cb, ¢ 'ac=a"'b);
eY63={abla*=b*=1,b"lab=a");
e YG6a={ab|a®=b>=1,b"lab=a’).
The groups %16,1 — %16,4 are groups of order 16.

The groups of order 32 that have a maximal subgroup isomorphic to C4 x C; X C; are:
0%2:C4><C2XC2><C2, g3:C4><C4><C2, g4=C2><C2XCg,
0% =CyxCyxDy, %=0CxCxQ, g]oZCnglﬁJ,
e =Cx%162, G120=Crx%163, 913 =C2X% 64, “14=CsxDy,
e %6={a,b,c|a*=b*=c*>=1, ab=ba, bc = cb, c”'ac = ab?) = ({a) x (b)) N (c) = (C4 X C4) N2,
e%Gig={a,b,c|a*=b*=c*=1, ab=ba, bc = cbh, ¢ 'ac = ab),
e 9o=(a,b,c|a®=b>=c?=1, ab=ba, bc = cb, c"'ac = ab) = ((a) x (b)) X {c¢) = (C X C2) N C3,
eGe={a,b,c,d|a*=b*=c*>=d*=1, ab=ba, ac=ca, bc=ch, dc=cd, d 'ad=a""', d~'bd = bc),
e %7 =1(a,b,c,d|a*=b*=c>=d*=1, ab=ba, ac=ca, bc=ch,dc=cd, d*=a* d'ad=a"",

d~'bd = bc),

eDg=(a,b,c,d|a*=b>=c*=d>=1, ab=ba, ac= ca, bc =cb, dc=cd, d"'ad = ac, d~'bd = ba?).

It is known that the following groups are determined by their endomorphism semigroups in the class
of all groups: finite Abelian groups ([7], Theorem 4.2), dihedral 2-groups ([9], Theorem 3.1), generalized
quaternion groups [8], finite groups of order 16 [12]. On the other hand, if the groups Gy, G»,..., G, are
determined by their endomorphism semigroups in the class of all groups, then so is their direct product
G X Gy X ... X Gy ([7], Theorem 1.13). Therefore, the groups % — ¥, and % — ¥4 are determined by
their endomorphism semigroups in the class of all groups. The groups ¥¢ and % are also determined by
their endomorphism semigroups in the class of all groups [4,12]. To prove Theorem 1.1, we have to prove
in addition that the groups %3, %6, 47, and 433 are determined by their endomorphism semigroups in the
class of all groups. It is done in Theorems 4.2, 5.2, 6.2, and 7.2.

3. PRELIMINARY LEMMAS

For convenience of reference, let us recall some known facts that will be used in the proofs of our main
results. We omit the proofs, because these are straightforward corollaries from the definitions.

Lemma 3.1. I[fx € I(G), then G = KerxxImx and Imx = {g € G | gx =g}
Lemma 3.2. Ifx € I(G), then
K(x) ={y € End(G) | (Imx)y C Imx, (Kerx)y= (1)}

and K (x) is a subsemigroup with the unity x of End(G) which is canonically isomorphic to End(Imx). In
this isomorphism element y of K(x) corresponds to its restriction on the subgroup Imx of G.

Lemma 3.3. Ifx € I(G), then
J(x) ={z € End(G) | (Imx)z = (1), (Kerx)z C Kerx}.
Lemma 3.4. Ifx,y € I(G) and xy = yx = 0, then
G = ((KerxNKery) X Imx) X Imy = ((KerxNKery) X Imy) X Imx,

Kerx = (KerxNKery) X Imy, Kery = (KerxNKery) X Imx.
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Lemma 3.5. [f x € End(G) and Imx is Abelian, then g € V (x) for each g € G.
Lemma 3.6. Ifx € I(G), then

H(x) ={y € End(G) | (Imx)y C Kerx, (Kerx)y = (1) }.
Lemma 3.7. Ifx € I(G), then

P(x) = {y € End(G) | ¥|tmx = l|1mx, (Kerx)y C Kerx}.

Lemma 3.8. Ifx € I(G), then [x] = {y € I(G) | Kerx = Kery}.

4. GROUP ¥
In this section, we shall characterize the group

g =(a,b,c|a*=b*=c*=1, ab=ba, bc = cb, ¢ 'ac = ab)
= ({@) x () ™€) = ({e) X (b)) (@) = (Ca x Co) NGy

by its endomorphism semigroup.

Theorem 4.1. A finite group G is isomorphic to 4 g if and only if there exist x,y € I1(G) such that the

following properties hold:

1° K(x) =2 K(y) = End(Cy);

20 xy = yx = 0;

3%J(x)NJ(y) = {0}

4%V (x) is a 2-group;

50 |[{u € End(G) | xu = u, ux =uy =0}| =2.

Proof. Necessity. Let G = % 3. Denote by x and y the projections of G onto its subgroups (c) and (a),

respectively. Then x, y € I(G). We shall prove that x and y satisfy properties 1°-5°.

By Lemma 3.2 and the definition of x and y, properties 1° and 2° hold. By Lemma 3.3, J(x) NJ(y)

consists of z € End(G) such that _
cz=az=1,bz="0"i€Z;.

(4.1)

Map (4.1) preserves the generating relations of G if and only if i = 0, i.e., z = 0. Therefore, J(x)NJ(y) = {0}
and property 3 is true. The subgroup V (x) of Aut(G) consists of z € Aut(G) such that g~! - gz € Kerx for

each g € G. Therefore, z € V(x) maps on generators of G as follows:

cz=cd'b/, az=d"V!, bz=a'b'; i, k,s € Ly; j, 1,1 € L.
Map (4.2) is an automorphism of G if and only if
§s=0,t=1, k=1(mod2).

It follows that |V (x)| = 4-2-2-2 =23, i.e., V(x) is a 2-group and property 4 is true.
Assume that u € End(G) and xu = u, ux = uy = 0. Then

au=bu=1, cu:bi, i €Zys.

(4.2)

(4.3)

Map (4.3) is an endomorphism of G for each i € Z,. It follows from here that property 5° holds. The

necessity is proved.
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Sufficiency. Let G be a finite group and let there exist x, y € I(G) which satisfy properties 1°—5° of the
theorem. Our aim is to prove that G = %5.
Lemma 3.2 and property 1° imply that

End(Imx) = End(Imy) = End(Cy).

Since each finite Abelian group is determined by its endomorphism semigroup in the class of all groups ([7],
Theorem 4.2), we have
Imx = (¢) = Cy4, Imy = (a) =Cy

for some ¢, a € G. By Lemma 3.4,
G =(NX(a))n(c) = (N (a)) »{e),

where
N = KerxNKery, Kerx =N X (a), Kery =NX (c).

In view of Lemma 3.5 and property 4°, g = 1 for each 2’-element g of G. Hence all 2’-elements of G
belong into its centre Z(G). Therefore, the group G splits into the direct product G = Gy x G, of its Hall
2'-subgroup G and Sylow 2-subgroup G,. Denote by z the projection of G onto its subgroup Go».. Then
z€J(x)NJ(y), and, by property 3%, z=0, i.e. Gy = (1) and G is a 2-group.

Each homomorphism v : Imx = (¢) — N induces an endomorphism u of G by setting gu =1, g €
N X (a), cu = cv. This endomorphism u satisfies equalities xu = u, ux = uy = 0. By 5°, we have two
homomorphisms v of such kind. Therefore, the subgroup N of G contains only one element of order 2 and
does not have any element of order 4. By [14], Theorem 5.46, N is a cyclic group of order 2:

N=(b)=C, bed.
Since N is an invariant subgroup of G, we have
ab = ba, cb = bc.

Elements a and ¢ do not commute, because otherwise G = N X (a) x {(c) and the projection z of G onto N
is a non-zero element of J(x) NJ(y), which contradicts property 3°. In view of (2.5), a~'c¢~'ac € N. Hence
a~'c'ac = b and ¢ 'ac = ab. Consequently,

G=(a,b,c|a*=b*=c*=1, ab=ba, bc = cb, ¢ 'ac = ab)
and the groups G and %3 are isomorphic. The sufficiency is proved and so is the theorem.
Theorem 4.2. The group 43 is determined by its endomorphism semigroup in the class of all groups.
Proof. Let G* be a group such that the endomorphism semigroups of G* and ¥ are isomorphic:

End(G*) = End(@}s). (4.4)

Denote by z* the image of z € End(%g) in isomorphism (4.4). Since End(G*) is finite, so is G* ([1],
Theorem 2). By Theorem 4.1, there exist x, y € (%), satisfying properties 1°-5° of Theorem 4.1. These
properties are formulated so that they are preserved in isomorphism (4.4). Therefore, the idempotents x*
and y* of End(G*) satisfy properties, similar to properties 1°-5° (it is necessary to change everywhere
z € End(%5) by z* € End(G*)). Using now Theorem 4.1 for G*, it follows that G* and ¢)g are isomorphic.
The theorem is proved.
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5. GROUP %6
In this section, we shall characterize the group
D= (a,b,c,d|a*=b*=c*=d*>=1, ab=ba, ac = ca, bc = cb, dc =cd, d 'ad =a"', d"'bd = bc)
by its endomorphism semigroup. The group ¥¢ splits into the following semidirect products:
D36 = ((a) x (b) X (c)) N {(d) = (C4 X C2 X C2) N Ca,

Y36 = ((b) x () N ((@) N (d)) = (C2 x C)) N (C4 N Ca),
G36 = (a) N (((B) x () N {d)) ZCan ((C2 X C2) N Cy).

(
We will prove that the isomorphism End(G) = End(%4¢), where G is another group, implies the isomorphism
G = Y.
We need the following fact on endomorphisms of an arbitrary group G. Let x, x1,x, € I(G). In [11],
Theorems 2.1 and 3.1-3.3, the necessary and sufficient conditions were given for x, x;, x, under which the
group G decomposes into the following semidirect products:

G:(GlXGz)>\K=G1>\(G2>\K)=G2>\<G1>\K), (51)

where
Imx=K, Imx; = G XK, Imx; = Gy XK, (5.2)
Kerx = G| X G, Kerx; = Gy, Kerx, = Gy. (5.3)

Denote these conditions C(x,xj,x2). Assume that G* is another group such that the endomorphism
semigroups of G and G* are isomorphic and x*, x7, x5 correspond to x, x1, x» in this isomorphism. Then
x*, x7, x5 satisfy conditions C(x*, x, x3) in End(G*) and the group G* decomposes similarly to (5.1)—(5.3).

Theorem 5.1. A finite group G is isomorphic to % if and only if there exist x, x1, x, € 1(G) such that the
following properties hold:

19 x, x1, and x, satisfy C(x, x1, x2);

20 K(x1) 2 K(x2) =2 End(Dy);

3% K(x) =2 End(C,);

4 HzeK(x) | xz=2 z¢1 =0} =

59 {z € K(x1) | xz=2z, 2o =0}| = 2

Proof. Necessity. Let G = %6. Denote by x, x;, and x, the projections of G onto its subgroups (d), (a) » (d),
and ((b) x (c)) X (d), respectively. Then x, x1, x2 € I(G). We shall prove that x, x;, and x; satisfy properties
1059,

By the definition, G decomposes into semidirect products (5.1), where

K =1Imx, G| =Kerx; = (a), G, = Kerx; = (b) x (c),

Imx; =G X K= {(a
Ime = G2>\K: (<b
Kerx = G; x Gy = (a) x (b) x {c).

Hence x, x1, and x; satisfy property 1°.
By Lemma 3.2,
K(x) 2 End({d)) 2 End(C;), K(x1) =2 End(Dy).
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Since (db)> =c, (db)* =1, b='-db-b = (db)~!, we have
Imx; = ((b) X (c)) N (d) = (db) X (b) = D4,

and, by Lemma 3.2, K(x;) = End(D,). Therefore, properties 2° and 3° hold.
In view of Lemma 3.2, the set {z € K(x2) | xz =z, zx; = 0} consists of endomorphisms z such that

(Kerx;)z = (1), (Imx;)z C Imx,,

(Imx; NKerx)z = (1), (Imx)z C Kerx; NImxy,

i.e., each such z is uniquely induced by a homomorphism
Imx = (d) — Kerx; NImx, = (b) x {c) = Cy x C;.

The number of such homomorphisms is 4. Property 4° is proved.
Similarly to the previous case, the set {z € K(x) | xz =z, zx, = 0} consists of endomorphisms z which
are induced by a homomorphism

Imx = (d) —— Kerx; NImx; = (a) = Cy.

The number of such homomorphisms is 2. Property 5° is proved. The necessity is proved.

Sufficiency. Let G be a finite group and let there exist x, x;, x, € I(G) which satisfy properties 1°-5° of
the theorem. Our aim is to prove that G = %6.

By property 1°, G splits into semidirect products (5.1), where equalities (5.2) and (5.3) hold. In view of
Lemma 3.2, properties 2° and 3° imply

End(Imx) = End(C>), End(Imx;) = End(Imx;) = End(Dy).

Since each finite Abelian group and the group D4 are determined by their endomorphism semigroups in the
class of all groups ([7], Theorem 4.2 and [9], Corollary 3.7), we have

K=Imx= <d> = Cz, Imx1 = Ime = D4 (54)

for an element d € G.
In view of (5.2) and (5.3),

Imx; = Gy XK = (KerxNImx;) N Imx. (5.5)

Similarly to the proof of the necessity of property 5°, each z € K(x;) for which xz = z, zx, = 0 satisfies the
conditions
(Kerx)z = (1), (Imx)z C KerxNImx, (5.6)

and is uniquely induced by a homomorphism Imx — KerxNImx;. Since Imx = (d) = C, and, by
property 5°, the number of such homomorphisms is two, the subgroup G; = Kerx NImx; of Imx; is
cyclic ([14], Theorem 5.46). Therefore, Kerx NImx; = (a) for some a € G. It follows from (5.4)—(5.6)
that

Imx; =GI)K=(a)N{d) =Dy, d>=a*=1,d 'ad=a". (5.7)

In view of (5.2) and (5.3),

Imx; = Go X K = (KerxNImxy) X Imx.
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Similarly to the previous case, each z € K(x;) for which xz = z, zx; = 0, is uniquely induced by a
homomorphism Imx — KerxNImx,. Since Imx = (d) = C, and Imx, = Dy, property 4° implies that

G, =KerxNImx; =2 G, X C,.

Therefore,
Imx, = ((b) X (c)) N (d) = Dy

for some b, ¢ € KerxNImx,. By the properties of D4, b and ¢ can be chosen so that dc = ¢d and d~'bd = bc.
Hence
Imx; = (b,c,d | b* =c*=d*> =1, bc = cb, cd = dc, d 'bd = bc). (5.8)

It follows from (5.1), (5.7), and (5.8) that
G=(a,b,c,d|a*=b"=c*=d*=1, ab=ba, ac = ca, bc = cb, dc =cd, d 'ad =a™", d'bd = bc),
i.e., the groups G and %3¢ are isomorphic. The sufficiency is proved and the theorem is also proved.
Theorem 5.2. The group Y36 is determined by its endomorphism semigroup in the class of all groups.

The proof of Theorem 5.2 is similar to the proof of Theorem 4.2.

6. GROUP ¥4,
In this section, we shall characterize the group

%7:<a,b,c,d]a4:b2:czzd4:1,ab:ba, ac = ca,

bc=ch, dc=cd, d*=a*, d 'ad =a", d"'bd = bc) 6.1)

by its endomorphism semigroup. We will prove that the isomorphism End(G) = End(%47), where G is
another group, implies the isomorphism G = %47.
Elements a and d in (6.1) generate a subgroup isomorphic to Q:

O=(ad|a*=1,d*=d* d'ad=a").
The group ¥37 splits into the following semidirect products:
D57 = ((b) x () N {a, d) = ((b) x (¢)) NQ = (a,d, c) N (b). (6.2)

Theorem 6.1. A finite group G is isomorphic to %7 if and only if Aut(G) is a 2-group and there exist
x,y € I(G) such that the following properties hold:

1° K(x) = End(Q);

20 K(y) 2 End(C,);

30 yx = xy = 0;

49 if 7 € End(G) and xz = yz =0, then 7 =0,

S () NH()| =2

6" [{z€ H(x) |2y =0} =4

79 {z € End(G) | xz=z, zx =x, zy =0} = 4;

8° [{z €End(G) | zy =y, yz=12, 2x=0}| =2.
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Proof. Necessity. Let G = %7 and G be given by (6.2). It was proved in [5] that |Aut(G)| = 2’. Denote by
x and y the projections of G onto its subgroups Q = (a, d) and (b), respectively. Then x, y € I(G) and

Imx = Q = (a,d), Kerx = (b) x (c), Imy = (b) = C,, Kery = (d, a, c).

We shall prove that x and y satisfy properties 1°-8°.

By Lemma 3.2, properties 1° and 2° hold. Since Imx C Kery and Imy C Kerx, property 3% is true.
Property 4° also holds, because z € End(G) and xz = yz = 0 imply az = bz = cz =dz =0, i.e., 7= 0.

In view of Lemmas 3.3 and 3.6, each z € J(x) N H(y) acts on the generators of G as follows:

az=dz=cz=1,bz=c"; i€Z,. (6.3)

The map z, given by (6.3), preserves the generating relations of G, and, therefore, induces an endomorphism
of G for each i € Z,. Hence |J(x) N H(y)| = 2 and property 5° holds.
By Lemma 3.6, each z € H(x), where zy = 0, acts on the generators of G as follows:

az=c, bz=cz=1,dz=¢’; i,j€ L. (6.4)

The map z, given by (6.4), preserves the generating relations of G, and, therefore, induces an endomorphism
of G for each i, j € Z,. Hence |{z € H(x) | zy = 0}| = 4 and property 6° holds.

An endomorphism z of G satisfies the equalities xz = z, zx = x, and zy = 0 if and only if Kerx C
Kerz, Imz C Kery, g~'-gz € Kerx, g€ G, ie.,

az=ac', bz=cz=1, dz =dc’ (6.5)

for some i, j € Z;. The map z, given by (6.5), preserves the generating relations of G, and, therefore, induces
an endomorphism of G for each i, j € Z,. The number of such endomorphisms z is 4, i.e. property 7 holds.
The proof of property 8° is similar. The necessity is proved.

Sufficiency. Let G be a finite group such that Aut(G) is a 2-group and there exist x, y € I(G) which
satisfy properties 1°—8 of the theorem. Our aim is to prove that G = %37.
In view of Lemma 3.2, properties 1° and 2° imply

End(Imx) = End(Q), End(Imy) = End(C,).

Since each finite Abelian group and the quaternion group Q are determined by their endomorphism
semigroups in the class of all groups ([7], Theorem 4.2 and [8], Corollary 1), we have

Imx=(a,d |a*=1,a=d* d 'ad=a')=Q,

Imy = (b) =C;

for some a, b, d € G.
By Lemma 3.4 and property 3°, G decomposes into semidirect products as follows:

G = (NXxImx) XImy = (N XImy) X Imx,

Kerx = N X Imy, Kery = N X\ Imx,

where
N = KerxNKery.

Since Aut(G) is a 2-group, g = 1 for each 2’-element g of G. Hence all 2'-elements of G belong into its
centre Z(G). Therefore, the group G splits into the direct product G = Gy x G, of its Hall 2’-subgroup Gy
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and Sylow 2-subgroup G». Denote by z the projection of G onto its subgroup Gy/. Clearly, zx = zy =0, and,
by property 4%, z =0, i.e. Gy = (1) and G is a 2-group.

In view of Lemmas 3.3 and 3.6, each z € J(x) N H(y) is uniquely induced by a homomorphism
Imy = (b) — N. By property 5°, the number of such homomorphisms is 2. Therefore, the subgroup N of G
has only one element of order 2. Hence N is cyclic or a generalized quaternion group ([14], Theorem 5.46).
Assume that N is a generalized quaternion group Q,, for some m > 2. By Lemma 3.6, each z € H(x), zy =0,
is uniquely induced by a homomorphism Imx = Q — N. Since Q is a subgroup of Q,, and |Aut(Q)| = 24,
the number of such homomorphisms is > 24. This contradicts property 6°. Hence N is cyclic, i.e.,

N = <C> = Czn

for some ¢ € N and n > 1. Note that the element ¢ belongs into the centre Z(G) of G.
Let us consider the map

X Uij
Zij:xuijZG—>Q:<a,d> —>G,
An—1 syn—1 ..
duij =dc?" au;j =ac® i je .

It is easy to check that u;; preserves the generating relations of Q, and, therefore, it is a homomorphism.
Hence z;; € End(G). The number of such endomorphisms is 4 and these endomorphisms satisfy equalities

XZij = Zij, ZijX =X, zijy = 0.

By property 7°,
{z€End(G) |xz=2z, zx=x, 2y =0} ={zij | i, j € Z»}. (6.6)

Since
x(xc) = xc, (x¢)x =x, (xc)y =0,

it follows from (6.6) that xc = z;; for some i, j € Z, and we have
¢ lde=dc?", ¢ lac = ac®". (6.7)
Similarly to (6.7), looking for endomorphisms yc, ycf, and ya, property 8° implies that
b =be? " dbd = b, aba = b (6.8)

for some s, ¢, v € Z;.
Denote »
M= {a,b,d,c*" ).

In view of (6.7) and (6.8), M is an invariant subgroup of G. Clearly,
G/M = (cM) = Cpur =2 (c?).

Define z = nw, where 7 : G — G/M is the natural homomorphism and w : G/M = (cM) — (c?),
(cM)w = ¢*. Then xz = yz = 0, and, by property 4°, z = 0. Hence n = 1, ¢*> = 1 and (6.6)—(6.8) imply

cd = de, ac = ca, bc = cb, d"'bd = bc', a”'ba = bc"

for some 7,v € Zy (i=j = s = 0, because of ¢ = 2" ' € Z(G)). If t =v =0, then G = (¢) x (b) x (a, d)
and the projection z of G onto (c) satisfies equalities xz = yz = 0, which contradicts property 4°. If
(t,v) = (1,0), (¢z,v) = (0, 1) or (¢, v) = (1, 1), then the group G is isomorphic to ¥37. The corresponding
isomorphisms are
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ap=a,dp=d, bo=>b, cp=c,
ap=d,dp=a, bo=>, cp =c,
ap=da', dp=d, bop=b, cp =c,

respectively (on the left sides of the given equalities are the generators a, b, ¢, d of G and on the right sides
are the generators a, b, ¢, d of ¥37). We have proved that G = ;. The sufficiency is proved. The theorem
is proved.

Theorem 6.2. The group %37 is determined by its endomorphism semigroup in the class of all groups.

The proof of Theorem 6.2 is similar to the proof of Theorem 4.2.

7. GROUP 935
In this section, we shall characterize the group

g =(a,b,c,d|a*=b*=c*=d*=1, ab=ba, ac = ca, bc = cb, dc = cd, d"'ad = ac, d"'bd = ba®)

(7.1)
by its endomorphism semigroup. We will prove that the isomorphism End(G) = End(%3g), where G is
another group, implies the isomorphism G = %ag.

Theorem 7.1. A finite group G is isomorphic to g if and only if Aut(G) is a 2-group and there exist
x,y € I(G) such that the following properties hold:

1° K (x) 2 K(y) 2 End(C,);

20 yx =xy=0;

30ifz€I(G) and x,y € K(z), then z = 1;

4% J(x)NJ(y) NI(G) = {0};

S0 17(x) I (0)] = 4

6° |[{z €End(G) | xz =z, zx =2y = 0}| = 4;

70 |[x]| = 4 and if z € [x], then z- (J(x) NJ (y)) = {0};

80 |[y]] =4 and if 2 € y], then z- (J(x) NJ(3)) = {O}:

9 () NP)| = I () NP(x)| =4

107 (J(x) N P()) - (T NI (0)) = (T0) NP) - (T3 1)) = 0}
1O [ () N P(y)) = 0}, ] () N P(y) = {v}:

1201 G #(o) = 0, - UGN L) = {ak

13° {z € Aut(G) | xzy = xz, yzx = yz} = 0.

Proof. Necessity. Let G = %35 and G be given by (7.1). It was proved in [5] that |Aut(G)| =2, i.e., Aut(G)
is a 2-group. The group G splits into the following semidirect products:

G = ({@) x (b) x (c)) N {d) = (((a) X () N (d)) N (b).
Denote by x and y the projections of G onto its subgroups (d) and (b), respectively. Then x, y € I(G) and
Imx = (d), Kerx = (a) x (b) x (c), Imy = (b), Kery = ((a) x (c)) X (d).

We shall prove that x and y satisfy properties 1°-13°.
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By Lemma 3.2 and the definition of x and y, properties 1° and 2° hold. By Lemma 3.2, each z € I(G)
such that x, y € K(z) is given on the generators of G as follows:

dz=d, bz=b, az=d'¢’, cz = d*¢! (7.2)

(i,k € Zs4; j,l € Zy). Map (7.2) preserves the generating relations of G and induces an idempotent
endomorphism of G if and only if z = 1. Hence property 3° holds.
By Lemma 3.3, J(x) NJ(y) consists of z € End(G) such that

dz=bz=1,az=d'¢c/, cz=d"c'; i,k € Zs; j,1 € Zo. (7.3)

Map (7.3) preserves the generating relations of G if and only if k =1 =0 and i = 0(mod2). Therefore,
|7(x) NJ(y)| = 4 and property 5 is true. An endomorphism z given by (7.3) is an idempotent if and only if
i=j=k=1=0,ie., z=0. Hence property 4° holds.

Assume that z € End(G) and xz = z, zx = zy = 0. Then Kerx C Kerz, Imz C KerxNKery, i.e.,

bz=az=cz=1,dz=d'c); i€ ly; j€ L. (7.4)

Map (7.4) preserves the generating relations of G if and only if i = 0 (mod2). Therefore, the number of such
z is 4 and property 6° is true.
By Lemma 3.8, [x] consists of the maps w such that

bw=aw=cw=1, dw=day, (7.5)

where a; € Kerx = (a, b, c) and (da;)? = 1. Easy calculations show that these conditions satisfy only
elements a; = a*0c™; iy, my € Z,. Hence |[x]| = 4. Choose w € [x] and z € J(x) NJ(y) given by (7.5) and
(7.3), respectively. Then d(wz) = b(wz) = a(wz) = c(wz) = 1, i.e., wz = 0. Therefore, property 7° is true.
Similarly, property 8° holds.

By Lemmas 3.3 and 3.7, J(x) N P(y) consists of the maps u such that

du=1,bu=b, au=d"c", cu=a‘’c"; m,s € Zy; n,t € Zs. (7.6)

Map (7.6) preserves the generating relations of G if and only if s =7 =0, m = 0(mod2). Therefore,
|7(x) N P(y)| = 4. Similarly, [J(y) N P(x)| = 4. We have obtained property 9°.

Choose u € J(x) N P(y) and z € J(x) NJ(y) given by (7.6) and (7.3), respectively. Then k =1 =15 =
t=0,i=m=0(mod2), and d(uz) = b(uz) = a(uz) = c(uz) = 1, i.e., uz = 0. Hence (J(x) NP(y))- (J(x)N
J(y)) = {0}. Similarly, (J(y) N P(x)) - (J(x)NJ(y)) = {0}. Therefore, property 10° is true.

To prove property 11°, choose w € [x] and u € J(x) N P(y). Then w and u are given by (7.5) and
(7.6), respectively, where a; = a*°c¢™, s =t =0, m = 0(mod2). Calculating wu, we get wu = 0. Hence
[x] - (J(x)NP(y)) = {0}. Similarly to [x], the set [y] consists of maps v such that

dv=av=cv=1, bv=bay, ar = g?ocko; Jjo, ko € Zy.

We have ' _
d(vu) = a(vu) = c(vu) = 1, b(vu) = (ba**c*)u = b(a"c")>° = b,

i.e., vu =y. Therefore, [y]- (J(x)NP(y)) = {y}. Property 11° is proved. The proof of property 12° is similar.

Finally, let us prove property 13°. Choose z € Aut(G) such that xzy = xz and yzx = yz. Since
d(xzy) =d(zy) = (dz)y and d(xz) = dz, we have (dz)y = dz, and, by Lemma 3.1, dz = b. Similarly, yzx = yz
implies bz = d. The equality ab = ba implies az- bz = bz-az and hence az-d = d - az. The centralizer of d in
G consists of elements d'a®/ck, where i, j, k € Z,. Therefore, az = d'a* c* and (az)? = (d'a*c*)* = 1. Tt is
impossible, because a and az are elements of order 4. This contradiction proves property 13°. The necessity
is proved.
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Sufficiency. Let G be a finite group such that Aut(G) is a 2-group and there exist x, y € I(G) which
satisfy properties 1°-13° of the theorem. Our aim is to prove that G = %g.
In view of Lemma 3.2, property 1° implies

End(Imx) = End(Imy) = End(C,).

Since each finite Abelian group is determined by its endomorphism semigroups in the class of all groups,
we have
Imx=(d) =2 Cy, Imy=(b) =,

for some b, d € G. By Lemma 3.4 and property 2°, G decomposes into semidirect products as follows:
G = (NXImx) NImy = (N X Imy) X Imx, (7.7)

Kerx = N xImy, Kery = N X\ Imx,

where
N = KerxNKery.

Therefore,
G/N = (dN) x (bN) 2 C, x C, G' CN. (7.8)

Since Aut(G) is a 2-group, g = 1 for each 2’-element g of G. Hence all 2'-elements of G belong
into its centre Z(G). Therefore, the group G splits into the direct product G = Gy x G of its Hall
2'-subgroup Gy and Sylow 2-subgroup G,. Denote by z the projection of G onto its subgroup Gy. Clearly,
z€J(x)NJ(y)NI(G), and, by property 4°, z =0, i.e. Gy = (1) and G is a 2-group.

Each z € End(G), where xz =z, zx = zy = 0, is product z = mu of the natural homomorphism
n:G— G/(N,b)=(d(N, b)) = C, and a homomorphism u : G/{N, b) — N. By property 6°, the number
of such homomorphisms u is 4. Hence N contains four elements g such that g = 1. Since N is a normal
subgroup of G, one of the elements of order 2 of N belongs to the centre of G. Therefore, N contains three
elements of order 2 and they commute with each other. Denote these elements of order 2 by ¢y, ¢», and c3.
Clearly, C1C) = C3, C1C3 = (€, C2C3 = (1.

By property 5°, we can choose non-zero z € J(x)NJ(y). Thend, b € Kerz # G and G = N - Kerz. There
exists a normal subgroup M of G such that Kerz C M and G/M = C,,i.e., G=N-M and G’ C M. On the
other hand, G’ C N. If G’ = N, then N C M and G = N -M = M, which contradicts G/M = C,. Hence G’
is a proper subgroup of N and, in view of (7.7) and (7.8), the factor-group G/G’ splits into a direct product

G/G' = {d|G") x ... x (d;G") x (dG") x (bG"),
where dy,...,dy € N\G', k> 1, and (dG’) = (bG') = C,. Define z;j; € End(G) as follows:

zijj =Mt : G Z, G/G' LN (d;G") A, <c§>,
where 7 is the natural homomorphism, 7; is the projection of G/G’ onto (d;G'), (d;G')t; = ¢!, and
1 <i<k, l€Zy, j=1,2,3. By the definition, z;j; € J(x) NJ(y). For a fixed i, the number of such

endomorphisms z;;; of G is 4. Property 59 implies that k = 1 and

J(x)NJ(y) = {z111, 2121, 2131, O} (7.9)

Hence
G/G' = (aG') x (dG') x (bG'), G’ C N =KerxMKery (7.10)

(a = dy). Note that N/G' = (aG") = C,, because otherwise J(x) NJ(y) contains an element z different from
0, z111, 2121, 2131 2= BT, where

(aG") = (d\G') — <am/4>, (diG")T = am*
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and m is the order of a. If a®> = 1, then G = (G’, d, b) X (a) and the projection u of G onto {(a) belongs to
J(x)NJ(y) NI(G), which contradicts property 4°. Therefore, a®> # 1 and the elements c1, ¢z, c3 of order 2
of N belong to G'. Note that

bd # db, (7.11)

because otherwise G = N X ((b) x (d)), and the projection z of G onto (b) x (d) satisfies conditions
z€1(G), z# 1; x,y € K(z), which contradicts property 3°.

The derived subgroup G’ of G does not contain any subgroup M of G such that K = (d, b, M) is a
normal subgroup of G and K # (d, b, G'). To prove this, assume that there exist a subgroup M of G such
that K = (d, b, M) is a normal subgroup of G and K # (d, b, G'). Then there exists a normal subgroup L
of G such that K C L and G/L = C4 or G/L = C, x C,. Consider the endomorphism z = mu of G, where
7 : G — G/L is the natural homomorphism and u is an isomorphism G/L — (a™) (if G/L = C4) or an
isomorphism G/L — (c1) X (c2) (if G/L = C, x C>) and a™ is a power of a with order 4. By the definition
of z, we have z € J(x) NJ(y) and z & {z111, 2121, 2131, 0}. This contradicts (7.9).

Since Imx = (d) = C, and the set [x] consists of z € I(G) such that Kerx = Kerz, we have Imz = (dc) =
C,, where ¢ € Kerx, and |[x]| is equal to the number of elements dc, ¢ € Kerx, of order 2. By property 7°, the
number of such elements is 4 and ¢ € G'. Similarly, by property 8°, |[y]| is equal to the number of elements
bc, ¢ € G’ and the number of such elements is 4. Denote

D={ceG'|(dc)*=1}, B={ceG'| (bc)* =1}

Then1 € D, 1 € B, and
[D| = |B| =4. (7.12)

Choose ¢ € D. Thend'ced = ¢!, ie., (dc')? =1, ¢ € D for each integer i, and, by (7.12), ¢* = 1. If
is an element of order 4, then D is a cyclic subgroup of G': D = (¢) = Cy4. If D does not contain any element
of order 4, then (7.12) implies that D = {1, ¢, ¢2, ¢3}, i.e., D is also a subgroup of G": D = (c1) X (cp) &
C, x C;. Let us prove that D and (d, D) are normal subgroups of G. Assume that ¢ € D, g € G. Since
g 'dg=d-[d, g is an element of order 2 and [d, g] € G’, we have g~ 'dg = d¢, é=[d, g] € D. Similarly,
g ldcg =g 'dg-g7'cg = dé- g 'cg is an element of order 2, i.e., é- g 'cg € D and g"'cg € D. We have
proved that g~ !'dg € (d, D) and g~'cg € D. Hence D and (d, D) = D (d) are the normal subgroups of G.
Similarly, we can prove that B~ C4 or B = (c¢) X (¢2) =2 Cy x C; and D and (b, B) = B (b) are normal
subgroups of G. Therefore, DB and (d, b, DB) are also normal subgroups of G and (d, b, DB) C (d, b, G').
It was proved above that in this case (d, b, DB) = (d, b, G'), i.e.,

G’ = DB.

Let us prove now that
G'=D=B=(C,xC.

To do this, we consider the sets J(x) N P(y) and J(y) N P(x). By Lemmas 3.3, 3.8, and property 10°, the set
J(x) N P(y) consists of endomorphisms z of G such that

dz=1,bz=b,azc G, G'zCG".

Property 119 implies that Dz = Bz = G’z = {1} and G’ C Kerz for such z. Since G/G’' = Cy x C; x C3, we
have Imz =2 C; x C; or Imz 22 C,, and, by property 9°, G’ has three elements of order 2 and these elements
commute with b. Similarly, by properties 10°, 11°, and 9°, d commutes with each element of order 2 from
G'. Tt follows from the first parts of properties 7° and 8° that D = B = G’ =2 C, x C,. Since a® # 1 and
a’ € G', we have a* = 1, i.e., a is an element of order 4. Note that a commutes with each element of G'.
Indeed, (a, G') is a group of order 8. It cannot be the quaternion group, because the quaternion group has
only one element of order 2. It cannot be the dihedral group either, because the dihedral of order 8 has five
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elements of order 2. Therefore, the group (a, G’) is Abelian and @ commutes with each element from G’. It
also follows that G’ is contained in the centre of G and G = (d, b, a).
Denote
l[a,d] =ay, [b,d| = az, [a, b] = a3,
1.e.,
d 'ad = aay, d”'bd = bay, b~ ab = aas.

Clearly, G’ = (ay, az, a3) and, by (7.11), ay # 1. Let us prove that G = %g. To do this, we will separate the
following three possible cases: (a) a; =as; (b) a; #azanda; # 1, a3 # 1;(c)a; #azanda; =1 oraz = 1.
Assume that a; = az. Then the map z, given by

dz=b,bz=d,az=a, cz=c, c€ G/,

can be extended to an automorphism of G. The automorphism z satisfies equalities xzy = xz, yzx = yz, which
contradicts property 13°. Hence the case a; = aj3 is impossible.

Assume that a; # a3z and a; # 1, az # 1. Since G’ = C, x C,, we have ay = aja3, a) = axasz, a3 = aas.
Then the map z, given by

dz=b, bz=d, az=a, ajz= a3, a3z = ay, a2z = ay,

can be extended to an automorphism of G. The automorphism z satisfies equalities xzy = xz, yzx = yz, which
contradicts property 13°. Hence this case is also impossible.
Assume that a; # a3 and a; = 1. Then G’ = (a;) X (a3) and
ad =da, d~'bd = bay, b~ ab = aas.
There are three possible cases: a® = az or a®> = as or a> = ayaz. If a®> = a3, then G = (d, ay) X (b, a) and the
projection z of G onto the subgroup (b, a) satisfies the conditions z € J(x) N P(y) and z- (J(x) NJ(y)) # {0},
which contradicts property 10°. If a> = as, then G is isomorphic to %sg. Assume that a> = a>az. Then

dba-dba = d 'bd-aba=ba, -aba=ay-b 'ab-a
= a2'0a3-a:a2-a2a3 =a*-a*=1
and, therefore, G = Kerx X (dba). Denote by z the projection of G onto (dba). Then z € [x] and
z- (J(x)NJ(y)) # {0}, which contradicts property 7°. Hence the case a® = ayaj is impossible.
Assume that a; # a3 and a3 = 1. Then G’ = (a;) X {(ay) and
ab =ba, d”'bd = bay, d"'ad = aa;.
There are three possible cases: a?=ajora®*=a, ora®> =aya. If a*> = ay, then G = (b, az) N (d, a) and the
projection z of G onto the subgroup (d, a) satisfies the conditions z € J(y) N P(x) and z- (J(x) NJ(y)) # {0},
which contradicts property 10°. If a> = a5, then G is isomorphic to %sg. Assume that a> = aa,. Then
dba-dba = d 'bd-d 'ad-ba=ba, aa,-ba
b2a2a1a2 =ad*d* =1
and, therefore, G = Kerx X (dba). Denote by z the projection of G onto (dba). Then z € [x] and

z- (J(x)NJ(y)) # {0}, which contradicts property 7°. Hence the case a®> = ayaj is impossible.
We have proved that G = %g. The sufficiency is proved. The theorem is proved.

Theorem 7.2. The group 43 is determined by its endomorphism semigroup in the class of all groups.

The proof of Theorem 7.2 is similar to that of Theorem 4.2.
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Maksimaalset alamriihma C; x C; x C; omavate 32. jirku rithmade endomorfismidest
Piret Puusemp ja Peeter Puusemp
On tdestatud, et kodik 32. jarku riihmad, mille liheks maksimaalseks alamriihmaks on Cy4 X C; X Cy, on

mizratud oma endomorfismipoolriihmadega k&igi riithmade klassis. Uhtlasi on antud mainitud rithmade
kirjeldused nende endomorfismipoolriihmade kaudu.



