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Abstract. In an earlier paper (Rhoades, B. E. and Savag, E. Some necessary conditions for absolute matrix summability factors.
Indian J. Pure Appl. Math., 2002, 33(7), 1003—-1009) the authors obtained necessary conditions for the series ) a, to be absolutely
summable of order k by a triangular matrix. In this paper we present sufficient conditions for absolute matrix summability factors.
As a corollary we obtain a result of N. Singh (On W7 Pn| summability factors of infinite series. Indian J. Math., 1968, 10, 19-24).
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Let A be a lower triangular matrix, {s,} any sequence. Then

n
An = Z ayySy.
v=0

A series Y. a,,, with partial sums s,, is said to be summable |A|;,k > 1 if

A, — A, F < oo

s

n=1

We may associate with A two lower triangular matrices A and A as follows:
n
dnvzzanr, n,v=0,12,...,
r=v

and
aAnv:dnv_C_lnva, n=1273....

In our previous work on absolute summability [1,2] we have assumed that the triangular matrix A had
row sums one. This condition rules out the consideration of factorable matrices that are not weighted mean
matrices. A lower triangular matrix A is said to be factorable if the nonzero terms a,; can be written as a,by
for 0 < k < n. If A is a factorable matrix with row sums one, then it is a weighted mean matrix.

* Corresponding author, ekremsavas @yahoo.com



202 Proceedings of the Estonian Academy of Sciences, 2010, 59, 3, 201-206

We shall first establish a general theorem for triangular matrices, which also applies to factorable
matrices which need not be weighted mean matrices, and then we shall specialize this result to triangular
matrices with row sums one.

A series Y a, with partial sums s, is said to be bounded |A|,k > 1, if ¥, apy|sv|f = O(1) as m — oo,

Theorem 1. Let A be a lower triangular matrix satisfying

n—1
1) Z |AvaAnv‘ = 0(|ann|)>n >2,
v=1

m+1

(i1) Z |Avany| = O(layy|),m > v,
n=v+1

(iil) nlan,| = 0O(1),

(iv) ’aw —av+1,r| = 0(‘av+1,v+lavr’)7 0<r<y,

n—1
v) Z layyanv+1| = O(|an|),n > 2, and
v=1

m+1

(vi) Z ldnyvi1]=0(1), m>v...
n=v+1
If Zan is bounded |A|y and {A,} is a bounded nonzero sequence satisfying

(vii) Z ||| 2| = O(1), and

(vii) \AM ¥ = O(lau|2a[°),
then the series Y. ayAy, is summable |Ali,k > 1.

Proof. Let (y,) be the nth term of the A-transform of "7 A;a;. Then

n n i
Yn = Zanisi = Zani Z Avay
i=0 i=0 v=0
n n n
= Z Avay Z api = Z any Avay
v=0 i=vV

v=0

and, for n > 0,

n n

Yo i =yn—yn-1= Z (dnv _dnfl,v)kvav = Z AnyAvay.

v=0 v=0

Using Abel’s transformation, we have, forn > 1,

Z Avanv Avsv + Z anv+1 A7Lv)5v +annxnsn

v=1

= Inl +TnZ+Tn37 say.
Since Y; is bounded, in order to prove our theorem, it is sufficient, by Minkowski’s inequality, to show
that

an_lle\k<00, for r=1,2,3.

n=2
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Using Holder’s inequality and (i), (iii), and (ii),

m+1
an 1|T ‘k an 1

m+1

DY I(Z\Avanvumm)
DY (T vl Pl
n=2

v=1

n—l k—1
X ( y |Avd,w|>
v=1
m+1 ' 1nfl . '
=0(1) Y (nlaul" Y [Avan || Ay |sv|
n=2 v=1

m+1

=0() Y W lsv[* Y [Avany|

v=1 n=v+1

m
1) Z |C’VV|M~V|k|SV‘k-
v=1

Z Avanv)LvSv

Using the boundedness of Y a, and {4,}, (iv), (viii), and (vii),

\ v—1
Xl = X lawlsi
i=0

i=0

m—1 \4
|k Z |CleSt|k Z |Av+1 |k Z |avt1,i] |Si‘k}
v=0 i=0

oL
ow[L

1)1 Y a5
i=0
m—1 \4 \4
+ X (1 X lavillsit = Avia Y lavnillsit) |
v=1 i=0 i=0
m—1 ' ' \4 .
D[ X (W= 12w i) X lavilsi
v=I i=0
m—1 \4
+ Z Mv+1\kz \avi—avﬂ,iHSi’k]
—~o(1) Z A2 +0(1 z i Flavivn z|av,||s,|

=0(1)+0(1) Z javv[|Av[* +O(1) Z lay 11| Avar[f
v=1 v=1
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Using (viii), Holder’s inequality, (v), (iii), and (vi),

an 1‘T2‘k an 1

Z dn v+1 Alv Sv

m+1
<y 1[2 w8 sv]]
m+1 n—1 k—1
= Z nk! [ Z ‘;Lv|k|sv‘k‘avv&n,v+l |] X [ Z ‘avvdn,v-i-l ’}
v=1 =1
m+1
=0(1) Z (nldnn] )~ Z |any+1avv||Ay] “sv[*
n=2
m—+1
Z avav’ ‘Sv| Z |an v+1|
n=i+1
1) Z avvuv,k\SHk =0(1),
v=1
as in the proof of ;.
Finally, using (iii),
n k
Z I‘Tn3’k Z n annlnsn
n=1
m
=0(1) Y |t ||| sal*
n=1
m
=0(1) Z (”’ann‘)kilannmn‘kilMann’k
n=1
m
=0(1) Z | on [
n=1
= 0(1)3
as in the proof of ;. O

Theorem 2. Let A be a lower triangular matrix with nonnegative entries satisfying
(iX) @0 =1,n=0,1,2,...,
(X) ap-1,v > apy forn>v+1,
and conditions (iii)—(v) of Theorem 1.
If Y. ay is bounded |A|y and {2} is a bounded nonzero sequence satisfying conditions (vii) and (viii) of
Theorem 1, then the series Y a,A, is summable |A|;,k > 1.

Proof. Upon examining the conditions of Theorem 1 it is clear that one needs to show that conditions (ix)
and (x) imply that @, v, > 0 and that conditions (i), (ii), and (vi) of Theorem 1 hold.
Using the definitions of @,y and a,y, and (ix) and (x),

Avdnv = dnv - én7v+1
=dpy — a_n—l,v - dn,v—«—l + 67n—l,v—s—l
=dpy —ap-1v < 0.
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Therefore

n—1 n—1
Z ’AvaAnV’ - Z (an—LV _anv>
v=1 v=1
=1-1 + a0+ ap < Ann,

and condition (i) of Theorem 1 is true.

Also,
m+1 m+1
Z |Aydny| = Z (an—Lv —ayy) = ayy —dmi1y < dyy,
n=v+1 n=v+1

and condition (ii) of Theorem 1 is true.

Finally,
m+1 m+1 v
Z ’aAn,v-‘rl‘ == Z Z(an—l,i _ani)
n=v+1l n=v+1i=0
v m+l
=Y Y (an-1i—an)
i=0n=v+1
v v
=Y (avi—ami1) <Y avi=1,
i=0 i=0
and condition (vi) of Theorem 1 is satisfied. O

If one is dealing with absolute summability of order 1, then conditions (iii) and (iv) of Theorem 1 are
not needed.

Theorem 3. Let A be a lower triangular matrix satisfying conditions (ii), (iv), and (vi) of Theorem 1. If ¥ a,
is bounded |A| and {A,} is a bounded nonzero sequence satisfying conditions (vii) and (viii) of Theorem 1
(with k = 1), then the series Y a,A, is summable |A|.

Proof. This can be proved by using the techniques similar to that of Theorem 1. So we omit it. O

Theorem 4. Let A be a lower triangular matrix with nonnegative entries satisfying conditions (ix) and (x) of
Theorem 2 and condition (iv) of Theorem 1. If ¥ a, is bounded |A| and {A,} is a bounded nonzero sequence
satisfying conditions (vii) and (viii) of Theorem 1, then the the series Y. a,A, is summable |A|.

Proof. As in the proof of Theorem 2, conditions (ix) and (x) of Theorem 2 imply conditions (i) and (ii) of
Theorem 1. [

A weighted mean matrix is a lower triangular matrix with entries a,x = pi/P,, where {p;} is a
nonnegative sequence with po > 0 and P, := Y'}_, px. A weighted mean matrix is denoted by (N, p,).

Corollary 1. Let {p,} be a positive sequence such that P, := Y} _ px — oo, and satisfies
(xi) np, = O(P,). B
If Y ayAy, is bounded |N, p,|x and {A,} is a bounded nonzero sequence satisfying

i) Y 2= 0(1),  and
n=1"n

(xiii) |AZ,| = O (’,’),’W) ,

then the series Y a, Ay is summable |N, py i,k > 1.
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Proof. Conditions (i), (iv), and (v) of Theorem 1 are automatically satisfied for any weighted mean method.
Conditions (iii), (vii), and (viii) of Theorem 1 become, respectively, conditions (xi), (xii), and (xiii) of
Corollary 1. O

Corollary 2. IfY a, is bounded |N, p| and {A,} is a bounded nonzero sequence satisfying
m
@ Y, 2| a) = o(1), and
n=1 P”

P,
(b) ;‘Akn‘ = O(M'nDa
then Y. ayA, is summable |N, p|.

Proof. A weighted mean matrix automatically satisfies conditions (i)—(iii) of Theorem 1. Conditions (vii)
and (viii) of Theorem 1 reduce to conditions (a) and (b) of Corollary 2, respectively.
Corollary 2 is a result of [3]. ]
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Lopmatute ridade |A|.-summeeruvusteguritest
B. E. Rhoades ja Ekrem Savag

Olgu A kolmnurkne maatriks ja k > 1. Artiklis on defineeritud rea |A|;-summeeruvuse ja |A[.-tOkestatuse
mdisted. On leitud piisavad tingimused selleks, et arvud A, oleksid maatriksi A k-jarku absoluutse sum-
meeruvuse tegurid ehk rida Y, a,A,, kus (4,) on tokestatud jada, oleks |A|i-summeeruv, kui rida ¥, a, on
|A|(-tokestatud. Saadud tulemus iildistab N. Singhi tulemust Rieszi kaalutud keskmiste menetluse (N, p,,)
absoluutse summeeruvuse tegurite kohta [3].



