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Abstract. In this paper, we introduce an iterative algorithm for finding a common element in the set of solutions to generalized
equilibrium problems and a set of fixed points of strict pseudo-contractions. Strong convergence theorems are established in the
framework of Hilbert spaces. The results presented in this paper mainly improve on the corresponding results reported by many
others.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that C is a nonempty, closed and convex subset of a real Hilbert
space H. Let A : C → H be a nonlinear mapping. Recall the following definitions.
(a) A is said to be monotone if

〈Ax−Ay,x− y〉 ≥ 0, ∀x,y ∈C.

(b) A is said to be strongly monotone if there exists a constant α > 0 such that

〈Ax−Ay,x− y〉 ≥ α‖x− y‖2, ∀x,y ∈C.

For such a case, T is said to be α-strongly-monotone.
(c) A is said to be inverse-strongly monotone if there exists a constant α > 0 such that

〈Ax−Ay,x− y〉 ≥ α‖Ax−Ay‖2, ∀x,y ∈C.

For such a case, A is said to be α-inverse-strongly monotone.

Recall that the classical variational inequality problem, denoted by V I(C,A), is to find u ∈C such that

〈Au,v−u〉 ≥ 0, ∀v ∈C. (1.1)
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Given z ∈ H and u ∈C, we see that the following inequality holds

〈u− z,v−u〉 ≥ 0, ∀v ∈C,

if and only if u = PCz, where PC denotes the metric projection from H onto C. From the above we see that
u ∈C is a solution to problem (1.1) if and only if u satisfies the following equation:

u = PC(u−ρTu), (1.2)

where ρ > 0 is a constant. This implies that problem (1.1) and problem (1.2) are equivalent. This alternative
formula is very important form the numerical analysis point of view.

Let T : C→C be a nonlinear mapping. In this paper, we use F(T ) to denote the set of fixed points of T .
Recall the following definitions.
(d) The mapping T is said to be contractive if there exists a constant α ∈ (0,1) such that

‖T x−Ty‖ ≤ α‖x− y‖, ∀x,y ∈C.

(e) The mapping T is said to be nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈C.

(f) T is said to be strictly pseudo-contractive with the coefficient k ∈ [0,1) if

‖T x−Ty‖2 ≤ ‖x− y‖2 + k‖(I−T )x− (I−T )y‖2, ∀x,y ∈C.

For such a case, T is also said to be a k-strict pseudo-contraction.
(g) T is said to be pseudo-contractive if

〈T x−Ty,x− y〉 ≤ ‖x− y‖2, ∀x,y ∈C.

Clearly, the class of strict pseudo-contractions falls into the one between the classes of non-expansive
mappings and pseudo-contractions.

Let A : C → H be an α-inverse-strongly monotone mapping, F a bi-function of C×C into R, where R
denotes the set of real numbers. We consider the following generalized equilibrium problem.

Find x ∈C such that F(x,y)+ 〈Ax,y− x〉 ≥ 0, ∀y ∈C. (1.3)

In this paper, the set of such an x ∈C is denoted by EP(F,A), i.e.,

EP(F,A) = {x ∈C : F(x,y)+ 〈Ax,y− x〉 ≥ 0, ∀y ∈C}.

Next, we give some special cases of problem (1.3).

(i) If A≡ 0, the zero mapping, then problem (1.3) is reduced to the the following equilibrium problem:

Find x ∈C such that F(x,y)≥ 0, ∀y ∈C. (1.4)

In this paper, the set of such an x ∈C is denoted by EP(F), i.e.,

EP(F) = {x ∈C : F(x,y)≥ 0, ∀y ∈C}.

(ii) If F ≡ 0, then problem (1.3) is reduced to the classical variational inequality problem (1.1).
Problem (1.3) is very general in the sense that it includes, as special cases, optimization problems,
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variational inequalities, mini-max problems, the Nash equilibrium problem in noncooperative games,
and others; see, for instance, [1,12].

To study the equilibrium problems (1.3) and (1.4), we may assume that F satisfies the following
conditions:
(A1) F(x,x) = 0 for all x ∈C;
(A2) F is monotone, i.e., F(x,y)+F(y,x)≤ 0 for all x,y ∈C;
(A3) for each x,y,z ∈C,

lim
t↓0

F(tz+(1− t)x,y)≤ F(x,y);

(A4) for each x ∈C, y 7→ F(x,y) is convex and lower semi-continuous.
Recently, Takahashi and Takahashi [23] considered problem (1.4) by an iterative method. To be more

precise, they proved the following theorem.

Theorem TT1. Let C be a nonempty closed convex subset of H. Let F be a bi-function from C×C to R
satisfying (A1)− (A4) and let S be a nonexpansive mapping of C into H such that F(S)∩EP( f ) 6= /0. Let f
be a contraction of H into itself and let {xn} and {un} be sequences generated by x1 ∈ H and

{
F(yn,u)+ 1

rn
〈u− yn,yn− xn〉 ≥ 0, ∀u ∈C,

xn+1 = αn f (xn)+(1−αn)Syn, n≥ 1,

where {αn} ∈ [0,1] and {rn} ⊂ (0,∞) satisfy

lim
n→∞

αn = 0,
∞

∑
n=1

αn = ∞,
∞

∑
n=1

|αn+1−αn|< ∞,

liminf
n→∞

rn > 0, and
∞

∑
n=1

||rn+1− rn||< ∞.

Then {xn} and {yn} converge strongly to z ∈ F(S)∩EP(F), where z = PF(S)∩EP(F) f (z).

Very recently, Takahashi and Takahashi [24] further considered the generalized equilibrium problem
(1.3). They obtained the following result in a real Hilbert space.

Theorem TT2. Let C be a closed convex subset of a real Hilbert space H and let F : C×C → R be a
bi-function satisfying (A1), (A2), (A3), and (A4). Let A be an α-inverse-strongly monotone mapping of C
into H and let S be a nonexpansive mapping of C into itself such that F(S)∩EP(F,A) 6= /0. Let u ∈C and
x1 ∈C and let {zn} ⊂C and {xn} ⊂C be sequences generated by

{
F(zn,y)+ 〈Axn,y− zn〉+ 1

r 〈y− zn,zn− xn〉 ≥ 0, ∀y ∈C,

xn+1 = βnxn +(1−βn)S[αnu+(1−αn)zn], ∀n≥ 1,

where {αn} ⊂ [0,1], {βn} ⊂ [0,1], and {rn} ⊂ [0,2α], satisfy

0 < c≤ βn ≤ d < 1, 0 < aλn ≤ b < 2α,

lim
n→∞

(λn−λn+1) = 0, lim
n→∞

αn = 0, and
∞

∑
n=1

αn = ∞.

Then, {xn} converges strongly to z = PF(S)∩EP(F,A)u.

In this paper, motivated by the research going on in this direction [4,5,7,9,10,13–17,19,20,22–25,27], we
introduce a general iterative algorithm for the problem of finding a common element in the set of solutions
to problem (1.3) and the set of fixed points of a strict pseudo-contraction. Strong convergence theorems are
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established in the framework of Hilbert spaces. The results presented in this paper improve and extend the
corresponding results reported by many others.

In order to prove our main results, we need the following lemmas.

The following lemma can be found in [1] and [9].

Lemma 1.1. Let C be a nonempty closed convex subset of H and let F : C×C→R be a bi-function satisfying
(A1)− (A4). Then, for any r > 0 and x ∈ H there exists z ∈C such that

F(z,y)+
1
r
〈y− z,z− x〉 ≥ 0, ∀y ∈C.

Further, define

Trx = {z ∈C : F(z,y)+
1
r
〈y− z,z− x〉 ≥ 0, ∀y ∈C}

for all r > 0 and x ∈ H. Then, the following hold:
(1) Tr is single-valued;
(2) Tr is firmly nonexpansive, i.e., for any x,y ∈ H,

‖Trx−Try‖2 ≤ 〈Trx−Try,x− y〉;
(3) F(Tr) = EP(F);
(4) EP(F) is closed and convex.

Lemma 1.2 ([21]). Let {xn} and {yn} be bounded sequences in a Banach space E and let {βn} be a
sequence in [0,1] with

0 < liminf
n→∞

βn ≤ limsup
n→∞

βn < 1.

Suppose that xn+1 = (1−βn)yn +βnxn for all integers n≥ 0 and

limsup
n→∞

(‖yn+1− yn‖−‖xn+1− xn‖)≤ 0.

Then limn→∞ ‖yn− xn‖= 0.

Lemma 1.3 ([3]). Let C be a closed convex subset of a strictly convex Banach space E. Let {Tn : n ∈ N} be
a sequence of nonexpansive mappings on C. Suppose that ∩∞

n=1F(Tn) is nonempty. Let {λn} be a sequence
of positive numbers with ∑∞

n=1 λn = 1. Then a mapping S on C defined by

Sx =
∞

∑
n=1

λnTnx

for x ∈C is well defined, nonexpansive and F(S) = ∩∞
n=1F(Tn) holds.

Lemma 1.4 ([2]). Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of E,
and S : C →C be a nonexpansive mapping. Then I−S is demi-closed at zero.

Lemma 1.5 ([26]). Assume that {αn} is a sequence of nonnegative real numbers such that

αn+1 ≤ (1− γn)αn +δn,

where {γn} is a sequence in (0,1) and {δn} is a sequence such that
(i) ∑∞

n=1 γn = ∞;
(ii) limsupn→∞ δn/γn ≤ 0 or ∑∞

n=1 |δn|< ∞.
Then limn→∞ αn = 0.

Lemma 1.6 ([28]). Let C be a nonempty closed convex subset of a real Hilbert space H and T : C → H
a k-strict pseudo-contraction with a fixed point. Then F(T ) is closed and convex. Define S : C → H by
Sx = kx+(1− k)T x for each x ∈C. Then S is nonexpansive such that F(S) = F(T ).
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2. MAIN RESULTS

Theorem 2.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F1 and F2 be two
bi-functions from C×C to R satisfying (A1)–(A4), respectively. Let A : C → H be an α-inverse-strongly
monotone mapping and B : C → H a β -inverse-strongly monotone mapping. Let T : C → C be a k-strict
pseudo-contraction with a fixed point. Define a mapping S : C→C by Sx = kx+(1−k)T x, ∀x ∈C. Assume
that F = EP(F1,A)∩EP(F2,B)∩F(T ) 6= /0. Let u ∈C, x1 ∈C, and {xn} be a sequence generated by





F1(un,u)+ 〈Axn,u−un〉+ 1
r 〈u−un,un− xn〉 ≥ 0, ∀u ∈C,

F2(vn,v)+ 〈Bxn,v− vn〉+ 1
s 〈v− vn,vn− xn〉 ≥ 0, ∀v ∈C,

yn = γnun +(1− γn)vn,

xn+1 = βnxn +(1−βn)S[αnu+(1−αn)yn], ∀n≥ 1,

(ϒ)

where {αn}, {βn}, and {γn} are sequences in (0,1), r ∈ (0,2α), and s ∈ (0,2β ). If the above control
sequences satisfy the following restrictions
(a) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞;
(b) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1;
(c) limn→∞ γn = γ ∈ (0,1),
then the sequence {xn} defined by the iterative algorithm (ϒ) will converge strongly to z∈ F , where z = PFu.

Proof. The proof is divided into five steps.
Step 1. Show that the sequence {xn} is bounded.

First, we claim that the mappings I− rA and I− sB are nonexpansive. Indeed, for each x,y ∈C, we have

‖(I− rA)x− (I− rA)y‖2 = ‖x− y− r(Ax−Ay)‖2

= ‖x− y‖2−2r〈x− y,Ax−Ay〉+ r2‖Ax−Ay‖2

≤ ‖x− y‖2−2rα‖Ax−Ay‖2 + r2‖Ax−Ay‖2

= ‖x− y‖2− r(2α− r)‖Ax−Ay‖2.

It follows from the condition r ∈ (0,2α) that the mapping I− rA is nonexpansive, so is I− sB. Note that un
can be rewritten as un = Tr(I− rA)xn and vn can be rewritten as vn = Ts(I− sB)xn for each n≥ 1. Let p ∈ F .
It follows from Lemma 1.1 that

p = Tr(I− rA)p = Ts(I− sB)p = T p.

Notice that

‖yn− p‖= ‖γnun +(1− γn)vn− p‖
≤ γn‖un− p‖+(1− γn)‖vn− p‖
= γn‖Tr(I− rA)xn−Tr(I− rA)p‖+(1− γn)‖Ts(I− sB)xn−Ts(I− sB)p‖
≤ γn‖(I− rA)xn− (I− rA)p‖+(1− γn)‖(I− sB)xn− (I− sB)p‖
≤ γn‖xn− p‖+(1− γn)‖xn− p‖
= ‖xn− p‖.
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From Lemma 1.6, we see that S is a nonexpansive mapping with F(T ) = F(S). It follows that

‖xn+1− p‖= ‖βnxn +(1−βn)S[αnu+(1−αn)yn]− p‖
≤ βn‖xn− p‖+(1−βn)‖S[αnu+(1−αn)yn]− p‖
≤ βn‖xn− p‖+(1−βn)‖[αnu+(1−αn)yn]− p‖
≤ βn‖xn− p‖+(1−βn)αn‖u− p‖+(1−βn)(1−αn)‖yn− p‖
≤ [1−αn(1−βn)]‖xn− p‖+(1−βn)αn‖u− p‖.

Putting M1 = max{‖x1− p‖,‖u− p‖}, we have that ‖xn− p‖ ≤M1 for all n≥ 1. Indeed, we can easily see
that ‖x1− p‖ ≤M1. Suppose that ‖xk− p‖ ≤M1 for some k. Then, we have that

‖xk+1− p‖ ≤ [1−αk(1−βk)]M1 +(1−βk)αkM1 = M1.

This shows that {xn} is bounded, so are {yn}, {un}, and {vn}.
Step 2. Show that xn+1− xn → 0 as n→ ∞.

Note that

yn+1− yn = γn+1un+1 +(1− γn+1)vn+1− [γnun +(1− γn)vn]

= γn+1(un+1−un)+(γn+1− γn)(un− vn)+(1− γn+1)(vn+1− vn).

It follows that

‖yn+1− yn‖ ≤ γn+1‖un+1−un‖+(1− γn+1)‖vn+1− vn‖+ |γn+1− γn|‖un− vn‖
= γn+1‖Trxn+1−Trxn‖+(1− γn+1)‖Tsxn+1−Tsxn‖+ |γn+1− γn|‖un− vn‖
≤ γn+1‖xn+1− xn‖+(1− γn+1)‖xn+1− xn‖+ |γn+1− γn|‖un− vn‖
= ‖xn+1− xn‖+ |γn+1− γn|M2, (2.1)

where M2 is an appropriate constant such that M2 ≥ supn≥1{‖un− vn‖}. Put

ρn = αnu+(1−αn)yn, ∀n≥ 1.

Notice that
ρn+1−ρn = αn+1u+(1−αn+1)yn+1− [αnu+(1−αn)yn]

= (αn+1−αn)(u− yn)+(1−αn+1)(yn+1− yn).

It follows from (2.1) that

‖ρn+1−ρn‖ ≤ |αn+1−αn|‖u− yn‖+(1−αn+1)‖yn+1− yn‖
≤ |αn+1−αn|‖u− yn‖+‖xn+1− xn‖+ |γn+1− γn|M2.

This implies that

‖ρn+1−ρn‖−‖xn+1− xn‖ ≤ |αn+1−αn|‖u− yn‖+ |γn+1− γn|M2

≤ |αn+1−αn|M3 + |γn+1− γn|M2,

where M3 is an appropriate constant such that M3 ≥ supn≥1{‖u− yn‖}. This implies that

‖Sρn+1−Sρn‖−‖xn+1− xn‖ ≤ ‖ρn+1−ρn‖−‖xn+1− xn‖
≤ |αn+1−αn|M3 + |γn+1− γn|M2.
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From the conditions (a) and (c), we arrive at

limsup
n→∞

(‖Sρn+1−Sρn‖−‖xn+1− xn‖)≤ 0.

Thanks to Lemma 1.2, we obtain that
lim
n→∞

‖Sρn− xn‖= 0. (2.2)

Notice that
‖xn+1− xn‖= (1−βn)‖Sρn− xn‖.

From the condition (b), we see that
lim
n→∞

‖xn+1− xn‖= 0. (2.3)

Step 3. Show that xn−Sxn → 0 as n→ ∞.

For each p ∈ F , we have

‖ρn− p‖2 = ‖αnu+(1−αn)yn− p‖2

≤ αn‖u− p‖2 +(1−αn)‖yn− p‖2

= αn‖u− p‖2 +(1−αn)‖γnun +(1− γn)vn− p‖2

≤ αn‖u− p‖2 +(1−αn)γn‖Tr(I− rA)xn−Tr(I− rA)p‖2

+(1−αn)(1− γn)‖Ts(I− sB)xn−Ts(I− sB)p‖2

≤ αn‖u− p‖2 +(1−αn)γn‖xn− p− r(Axn−Ap)‖2

+(1−αn)(1− γn)‖xn− p− s(Bxn−Bp)‖2

= αn‖u− p‖2 +(1−αn)γn(‖xn− p‖2−2r〈xn− p,Axn−Ap〉+ r2‖Axn−Ap‖2)

+(1−αn)(1− γn)(‖xn− p‖2−2s〈xn− p,Bxn−Bp〉+ s2‖Bxn−Bp‖2)

≤ αn‖u− p‖2 +(1−αn)γn[‖xn− p‖2− r(2α− r)‖Axn−Ap‖2]

+ (1−αn)(1− γn)[‖xn− p‖2− s(2β − s)‖Bxn−Bp‖2]

= αn‖u− p‖2 +(1−αn)‖xn− p‖2− (1−αn)γnr(2α− r)‖Axn−Ap‖2

− (1−αn)(1− γn)s(2β − s)‖Bxn−Bp‖2. (2.4)

It follows that

‖xn+1− p‖2 = ‖βnxn +(1−βn)Sρn− p‖2

≤ βn‖xn− p‖2 +(1−βn)‖Sρn− p‖2

≤ ‖xn− p‖2 +αn‖u− p‖2− (1−αn)(1−βn)γnr(2α− r)‖Axn−Ap‖2

− (1−αn)(1−βn)(1− γn)s(2β − s)‖Bxn−Bp‖2. (2.5)

This implies that

(1−αn)(1−βn)γnr(2α− r)‖Axn−Ap‖2 ≤ ‖xn− p‖−‖xn+1− p‖2 +αn‖u− p‖2

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+αn‖u− p‖2.

From the conditions (a)–(c) and (2.3), we see that

lim
n→∞

‖Axn−Ap‖= 0. (2.6)
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It also follows from (2.5) that

(1−αn)(1−βn)(1− γn)s(2β − s)‖Bxn−Bp‖2 ≤ ‖xn− p‖−‖xn+1− p‖2 +αn‖u− p‖2

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+αn‖u− p‖2.

From the conditions (a)–(c) and (2.3), we obtain that

lim
n→∞

‖Bxn−Bp‖= 0. (2.7)

On the other hand, we have that

‖un− p‖2 = ‖Tr(I− rA)xn−Tr(I− rA)p‖2

≤ 〈(I− rA)xn− (I− rA)p,un− p〉
=

1
2
(‖(I− rA)xn− (I− rA)p‖2 +‖un− p‖2

−‖(I− rA)xn− (I− rA)p− (un− p)‖2)

≤ 1
2
(‖xn− p‖2 +‖un− p‖2−‖xn−un− r(Axn−Ap)‖2)

≤ 1
2
[‖xn− p‖2 +‖un− p‖2− (‖xn−un‖2−2r〈xn−un,Axn−Ap〉

+ r2‖Axn−Ap‖2)].

It follows that
‖un− p‖2 ≤ ‖xn− p‖2−‖xn−un‖2 +2r‖xn−un‖‖Axn−Ap‖. (2.8)

Similarly, we can obtain that

‖vn− p‖2 ≤ ‖xn− p‖2−‖xn− vn‖2 +2s‖xn− vn‖‖Bxn−Bp‖. (2.9)

Note that

‖xn+1− p‖2 = ‖βnxn +(1−βn)Sρn− p‖2

≤ βn‖xn− p‖2 +(1−βn)‖Sρn− p‖2

≤ βn‖xn− p‖2 +(1−βn)‖αnu+(1−αn)yn− p‖2

≤ βn‖xn− p‖2 +αn‖u− p‖2 +(1−βn)‖yn− p‖2

= βn‖xn− p‖2 +αn‖u− p‖2 +(1−βn)‖γn(un− p)+(1− γn)(vn− p)‖2

≤ βn‖xn− p‖2 +αn‖u− p‖2 +(1−βn)γn‖un− p‖2 +(1−βn)(1− γn)‖vn− p‖2. (2.10)

Substituting (2.8) and (2.9) into (2.10), we see that

‖xn+1− p‖2 ≤ ‖xn− p‖2 +αn‖u− p‖2− (1−βn)γn‖xn−un‖2− (1−βn)(1− γn)‖xn− vn‖2

+2r‖xn−un‖‖Axn−Ap‖+2s‖xn− vn‖‖Bxn−Bp‖. (2.11)

It follows that

(1−βn)γn‖xn−un‖2 ≤ ‖xn− p‖2−‖xn+1− p‖2 +αn‖u− p‖2 +2r‖xn−un‖‖Axn−Ap‖
+2s‖xn− vn‖‖Bxn−Bp‖

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+αn‖u− p‖2 +2r‖xn−un‖‖Axn−Ap‖
+2s‖xn− vn‖‖Bxn−Bp‖.
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From the conditions (a), (c), (2.3), (2.6), and (2.7), we obtain that

lim
n→∞

‖xn−un‖= 0. (2.12)

It also follows from (2.11) that

(1−βn)(1− γn)‖xn− vn‖2 ≤ ‖xn− p‖2−‖xn+1− p‖2 +αn‖u− p‖2 +2r‖xn−un‖‖Axn−Ap‖
+2s‖xn− vn‖‖Bxn−Bp‖

≤ (‖xn− p‖+‖xn+1− p‖)‖xn− xn+1‖+αn‖u− p‖2 +2r‖xn−un‖‖Axn−Ap‖
+2s‖xn− vn‖‖Bxn−Bp‖.

Thanks to the conditions (a), (c), (2.3), (2.6), and (2.7), we have that

lim
n→∞

‖xn− vn‖= 0. (2.13)

On the other hand, we have

‖ρn− xn‖= ‖αnu+(1−αn)yn− xn‖
≤ αn‖u− xn‖+(1−αn)‖yn− xn‖
≤ αn‖u− xn‖+‖γnun +(1− γn)vn− xn‖
≤ αn‖u− xn‖+ γn‖un− xn‖+(1− γn)‖vn− xn‖.

In view of the condition (a), (2.12), and (2.13), we obtain that

lim
n→∞

‖ρn− xn‖= 0. (2.14)

It follows that
‖xn−Sxn‖ ≤ ‖xn−Sρn‖+‖Sρn−Sxn‖

≤ ‖xn−Sρn‖+‖ρn− xn‖.
From (2.2) and (2.13), we see that

lim
n→∞

‖xn−Sxn‖= 0. (2.15)

Step 4. Show that limn→∞〈u− z,ρn− z〉 ≤ 0, where z = PFu.

First, we show that
lim
n→∞

〈u− z,xn− z〉 ≤ 0. (2.16)

To show (2.16), we may choose a subsequence {xni} of {xn} such that

limsup
n→∞

〈u− z,xn− z〉= lim
i→∞

〈u− z,xni − z〉. (2.17)

Since {xni} is bounded, we can choose a subsequence {xni j
} of {xni} that converges weakly to q. We may

assume without loss of generality that xni ⇀ q. Noticing (2.15) and applying Lemma 1.4, we obtain that
q ∈ F(S) = F(T ). Next, we define a mapping R : C →C by

Rx = δTr(I− rA)x+(1−δ )Ts(I− sB)x, ∀x ∈C,

where (0,1) 3 δ = limn→∞ δn. From Lemma 1.3, we see that R is a nonexpansive mapping with

F(R) = F(Tr(I− rA))∩F(Ts(I− sB)) = EP(F1,A)∩FP(F2,B).
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Note that
‖yn− xn‖= ‖δnun +(1−δn)vn− [δnxn +(1−δn)xn]‖

≤ δn‖un− xn‖+(1−δn)‖vn− xn‖.
From (2.12) and (2.13), we see that

lim
n→∞

‖yn− xn‖= 0.

On the other hand, we have

‖xn−Rxn‖ ≤ ‖xn− yn‖+‖yn−Rxn‖
= ‖xn− yn‖+‖δnTr(I− rA)xn +(1−δn)Ts(I− sB)xn− [δTr(I− rA)xn +(1−δ )Ts(I− sB)xn]‖
≤ ‖xn− yn‖+ |δn−δ |M4,

where M4 is an appropriate constant such that M4 ≥ supn≥1{‖Tr(I− rA)xn‖+ ‖Ts(I− sB)xn‖}. It follows
that limn→∞ ‖Rxn− xn‖= 0. This implies that

lim
ni→∞

‖Rxni − xni‖= 0.

In view of Lemma 1.4, we obtain that q ∈ F(R). That is,

q ∈ EP(F1,A)∩FP(F2,B)∩F(T ).

It follows from (2.17) that

limsup
n→∞

〈u− z,xn− z〉= lim
i→∞

〈u− z,xni − z〉= 〈u− z,q− z〉 ≤ 0.

Notice that
〈u− z,ρn− z〉= 〈u− z,ρn− xn〉+ 〈u− z,xn− z〉

≤ ‖u− z‖‖ρn− xn‖+ 〈u− z,xn− z〉.
From (2.14), we conclude that

limsup
n→∞

〈u− z,ρn− z〉 ≤ 0. (2.18)

Step 5. Show that xn → z as n→ ∞.

Notice that

‖xn+1− z‖2 = ‖βnxn +(1−βn)S[αnu+(1−αn)yn]− z‖2

≤ βn‖xn− z‖2 +(1−βn)‖S[αnu+(1−αn)yn]− z‖2

≤ βn‖xn− z‖2 +(1−βn)‖αnu+(1−αn)yn− z‖2

≤ βn‖xn− z‖2 +(1−βn)[(1−αn)2‖yn− z‖2 +2αn〈u− z,ρn− z〉]
≤ βn‖xn− z‖2 +(1−βn)[(1−αn)‖xn− z‖2 +2αn〈u− z,ρn− z〉]
≤ [1−αn(1−βn)]‖xn− z‖2 +2αn(1−βn)〈u− z,ρn− z〉.

Since αn(1−βn)→ 0, ∑∞
n=1 αn(1−βn) = ∞ and limn→∞ 2〈u− z,ρn− z〉 ≤ 0, we get the desired conclusion

by Lemma 1.5. This completes the proof.
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3. APPLICATIONS

First, we consider the following convex feasibility problem (CFP):

finding an x ∈
N⋂

i=1

Ci,

where N ≥ 1 is an integer and each Ci is assumed to be the set of solutions of an equilibrium problem
with the bi-functions Fi, i = 1,2, . . . ,N. There is a considerable investigation on CFP in the setting of
Hilbert spaces which captures applications in various disciplines such as image restoration [8,11], computer
tomography [18], and radiation therapy treatment planning [6]. The following result can be obtained from
Theorem 2.1. We, therefore, omit the proof.

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F1,F2, . . . ,Fr be r bi-
functions from C×C toR satisfying (A1)−(A4). Let Ai : C→H be a ki-inverse-strongly monotone mapping
for each i ∈ {1,2, . . . ,r}. Assume that F = ∩r

i=1EP(Fi,Ai) 6= /0. Let u ∈C, x1 ∈C, and {xn} be a sequence
generated by





F1(un,1,u1)+ 〈A1xn,u1−un,1〉+ 1
s1
〈u1−un,1,un,1− xn〉 ≥ 0, ∀u1 ∈C,

F2(un,2,u2)+ 〈A2xn,u2−un,2〉+ 1
s2
〈u2−un,2,un,2− xn〉 ≥ 0, ∀u2 ∈C,

...

...
Fr(un,r,ur)+ 〈Arxn,ur−un,r〉+ 1

sr
〈ur−un,r,un,r− xn〉 ≥ 0, ∀ur ∈C,

yn = ∑r
i=1 γn,iun,i,

xn+1 = βnxn +(1−βn)[αnu+(1−αn)yn], ∀n≥ 1,

where {αn}, {βn}, and {γn,i} are sequences in (0,1), si ∈ (0,2ki) for each i ∈ {1,2, . . . ,r}. If the above
control sequences satisfy the following restrictions
(a) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞;
(b) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1;
(c) ∑r

i=1 γn,i = 1, limn→∞ γn,i = γi ∈ (0,1) for each i ∈ {1,2, . . . ,r},
then the sequence {xn} converges strongly to z ∈ F , where z = PFu.

Theorem 3.2. Let C be a nonempty closed convex subset of a Hilbert space H. Let F1 and F2 be two
bi-functions from C×C to R satisfying (A1)− (A4), respectively. Let T : C → C be a k-strict pseudo-
contraction with a fixed point. Define a mapping S : C →C by Sx = kx +(1− k)T x, ∀x ∈C. Assume that
F = EP(F1)∩EP(F2)∩F(T ) 6= /0. Let u ∈C, x1 ∈C, and {xn} be a sequence generated by





F1(un,u)+ 1
r 〈u−un,un− xn〉 ≥ 0, ∀u ∈C,

F2(vn,v)+ 1
s 〈v− vn,vn− xn〉 ≥ 0, ∀v ∈C,

yn = γnun +(1− γn)vn,

xn+1 = βnxn +(1−βn)S[αnu+(1−αn)yn], ∀n≥ 1,

where {αn}, {βn}, and {γn} are sequences in (0,1), r > 0, and s > 0. If the above control sequences satisfy
the following restrictions
(a) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(b) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1,
(c) limn→∞ γn = γ ∈ (0,1),
then the sequence {xn} converges strongly to z ∈ F , where z = PFu.
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Proof. Putting A = B = 0, we see that

〈x− y,Ax−Ay〉 ≥ α‖Ax−Ay‖, ∀x,y ∈C,α > 0

and
〈x− y,Bx−By〉 ≥ β‖Bx−By‖, ∀x,y ∈C,β > 0.

From Theorem 2.1, we can draw the desired conclusion immediately.

Theorem 3.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let A : C → H be an α-
inverse-strongly monotone mapping and B : C→H a β -inverse-strongly monotone mapping. Let T : C→C
be a k-strict pseudo-contraction with a fixed point. Define a mapping S : C → C by Sx = kx +(1− k)T x,
∀x ∈ C. Assume that F = V I(C,A)∩V I(C,B)∩F(T ) 6= /0. Let u ∈ C, x1 ∈ C, and {xn} be a sequence
generated by {

yn = γnPC(xn− rAxn)+(1− γn)PC(xn− sBxn),
xn+1 = βnxn +(1−βn)S[αnu+(1−αn)yn], ∀n≥ 1,

where {αn}, {βn}, and {γn} are sequences in (0,1), r ∈ (0,2α), and s ∈ (0,2β ). If the above control
sequences satisfy the following restrictions
(a) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞;
(b) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1;
(c) limn→∞ γn = γ ∈ (0,1),
then the sequence {xn} converges strongly to z ∈ F , where z = PFu.

Proof. Putting F1 ≡ 0, we see that

F1(un,u)+ 〈Axn,u−un〉+ 1
r
〈u−un,un− xn〉 ≥ 0, ∀u ∈C

is equivalent to
〈xn− rAxn−un,un− xn〉 ≥ 0, ∀u ∈C.

That is, un = PC(xn− rAxn). Similarly, putting F2 ≡ 0, we can obtain that vn = PC(xn− sBxn). From the
proof of Theorem 2.1, we can draw the desired conclusion easily.

Next, we consider another class of nonlinear mappings: strict pseudo-contractions.

Theorem 3.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let F1 and F2 be
two bi-functions from C×C to R satisfying (A1)− (A4), respectively. Let TA : C → C be a kα -strict
pseudo-contraction and TB : C → H a kβ -strict pseudo-contraction. Let T : C → C be a k-strict pseudo-
contraction with a fixed point. Define a mapping S : C → C by Sx = kx + (1− k)T x, ∀x ∈ C. Assume
F = EP(F1,(I−TB))∩EP(F2,(I−TB))∩F(T ) 6= /0. Let u∈C, x1 ∈C, and {xn} be a sequence generated by





F1(un,u)+ 〈(I−TA)xn,u−un〉+ 1
r 〈u−un,un− xn〉 ≥ 0, ∀u ∈C,

F2(vn,v)+ 〈(I−TB)xn,v− vn〉+ 1
s 〈v− vn,vn− xn〉 ≥ 0, ∀v ∈C,

yn = γnun +(1− γn)vn,

xn+1 = βnxn +(1−βn)S[αnu+(1−αn)yn], ∀n≥ 1,

where {αn}, {βn}, and {γn} are sequences in (0,1), r ∈ (0,(1− kα)), and s ∈ (0,(1− kβ )). If the above
control sequences satisfy the following restrictions
(a) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(b) 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1,
(c) limn→∞ γn = γ ∈ (0,1),
then the sequence {xn} will converge strongly to z ∈ F , where z = PFu.

Proof. Putting A = I−TA and B = I−TB, respectively, we see that A is 1−kα
2 -inverse-strongly monotone and

B is 1−kβ
2 -inverse-strongly monotone. The desired result is not hard to derive from the proof of Theorem 2.1.



182 Proceedings of the Estonian Academy of Sciences, 2009, 58, 3, 170–183

ACKNOWLEDGEMENT

This work was supported by the Korea Research Foundation Grant funded by the Korean Government
(KRF-2008-313-C00050).

REFERENCES

1. Blum, E. and Oettli, W. From optimization and variational inequalities to equilibrium problems. Math. Stud., 1994, 63, 123–
145.

2. Browder, F. E. Nonlinear operators and nonlinear equations of evolution in Banach spaces. Proc. Symp. Pure. Math., 1985,
18, 78–81.

3. Bruck, R. E. Properties of fixed point sets of nonexpansive mappings in Banach spaces. Trans. Amer. Math. Soc., 1973, 179,
251–262.

4. Ceng, C. L. and Yao, J. C. Hybrid viscosity approximation schemes for equilibrium problems and fixed point problems of
infinitely many nonexpansive mappings. Appl. Math. Comput., 2008, 198, 729–741.

5. Ceng, C. L. and Yao, J.C. A hybrid iterative scheme for mixed equilibrium problems and fixed point problems. J. Comput.
Appl. Math., 2008, 214, 186–201.

6. Censor, Y. and Zenios, S. A. Parallel Optimization: Theory, Algorithms, and Applications (Numerical Mathematics and
Scientific Computation). Oxford University Press, New York, 1997.

7. Colao, V., Marino, G., and Xu, H. K. An iterative method for finding common solutions of equilibrium and fixed point
problems. J. Math. Anal. Appl., 2008, 344, 340–352.

8. Combettes, P. L. The convex feasibility problem in image recovery. In Advances in Imaging and Electron Physics (Hawkes, P.,
ed.), vol. 95, pp. 155–270. Academic Press, New York, 1996.

9. Combettes, P. L. and Hirstoaga, S. A. Equilibrium programming in Hilbert spaces. J. Nonlinear Convex Anal., 2005, 6, 117–
136.

10. Iiduka, H. and Takahashi, W. Strong convergence theorems for nonexpansive mappings and inverse-strongly monotone map-
pings. Nonlinear Anal., 2005, 61, 341–350.

11. Kotzer, T., Cohen, N., and Shamir, J. Images to ration by a novel method of parallel projection onto constraint sets. Opt. Lett.,
1995, 20, 1172–1174.

12. Moudafi, A. and Théra, M. Proximal and dynamical approaches to equilibrium problems. In Lecture Notes in Economics and
Mathematical Systems, No. 477, pp. 187–201. Springer, 1999.

13. Plubtieng, S. and Punpaeng, R. A general iterative method for equilibrium problems and fixed point problems in Hilbert
spaces. J. Math. Anal. Appl., 2007, 336 455–469.

14. Plubtieng, S. and Punpaeng, R. A new iterative method for equilibrium problems and fixed point problems of nonexpansive
mappings and monotone mappings. Appl. Math. Comput., 2008, 197, 548–558.

15. Qin, X., Cho, Y. J., and Kang, S. M. Convergence theorems of common elements for equilibrium problems and fixed point
problems in Banach spaces. J. Comput. Appl. Math., 2009, 225, 20–30.

16. Qin. X., Shang, M., and Su, Y. Strong convergence of a general iterative algorithm for equilibrium problems and variational
inequality problems. Math. Comput. Model., 2008, 48, 1033–1046.

17. Qin, X., Shang, M., and Su, Y. A general iterative method for equilibrium problems and fixed point problems in Hilbert spaces.
Nonlinear Anal., 2008, 69, 3897–3909.

18. Sezan, M. I. and Stark, I. Application of convex projection theory to image recovery in tomograph and related areas. In Image
Recovery: Theory and Application (Stark, H., ed.), pp. 155–270. Academic Press, Orlando, 1987.

19. Shang, M., Su, Y., and Qin, X. A general iterative method for equilibrium problems and fixed point problems in Hilbert spaces.
Fixed Point Theory Appl., 2007, 2007, Art. ID 95412.

20. Su, Y., Shang, M., and Qin, X. An iterative method of solution for equilibrium and optimization problems. Nonlinear Anal.,
2008, 69, 2709–2719.

21. Suzuki, T. Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter nonexpansive semigroups
without Bochner integrals. J. Math. Anal. Appl., 2005, 305, 227–239.

22. Tada, A. and Takahashi, W. Strong convergence theorem for an equilibrium problem and a nonexpansive mapping. J. Optim.
Theory Appl., 2007, 133, 359–370.

23. Takahashi, S. and Takahashi, W. Viscosity approximation methods for equilibrium problems and fixed point problems in
Hilbert spaces. J. Math. Anal. Appl., 2007, 331, 506–515.

24. Takahashi, S. and Takahashi, W. Strong convergence theorem for a generalized equilibrium problem and a nonexpansive
mapping in a Hilbert space. Nonlinear Anal., 2008, 69, 1025–1033.

25. Takahashi, W. and Zembayashi, K. Strong and weak convergence theorems for equilibrium problems and relatively non-
expansive mappings in Banach spaces. Nonlinear Anal., 2009, 70, 45–57.

26. Xu, H. K. Iterative algorithms for nonlinear operators. J. London Math. Soc., 2002, 66, 240–256.



X. Qin et al.: Generalized equilibrium problems and fixed point problems 183

27. Yao, Y., Noor, M. A., and Liou, Y. C. On iterative methods for equilibrium problems. Nonlinear Anal., 2009, 70, 497–509.
28. Zhou, H. Convergence theorems of fixed points for k-strict seudo-contractions in Hilbert spaces. Nonlinear Anal., 2008, 69,

456–462.

Üldistatud tasakaalu ja püsipunkti ülesannete koonduvusteoreemid rakendustega

Xiaolong Qin, Shin Min Kang ja Yeol Je Cho

On toodud iteratiivne algoritm ühise elemendi leidmiseks üldistatud tasakaalu probleemide lahendite ja
otseste pseudokontraktsioonide püsipunktide hulgast. On toodud tugevad koonduvusteoreemid Hilberti
ruumides, mis parandavad paljude autorite avaldatud vastavaid tulemusi.


