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Abstract. We deal with Riesz-type families (see Proc. Estonian Acad. Sci. Phys. Math., 2002, 51, 18-34 and Acta Sci. Math.
(Szeged), 2004, 70, 639-657) of summability methods A4 for converging functions and sequences. The methods Ay in a Riesz-
type family depend on a continuous parameter ¢, and are connected through certain generalized integral Norlund methods. By
extending and applying the results of Stadtmiiller and Tali (Anal. Math., 2003, 29, 227-242), we compare speeds of convergence
in a Riesz-type family. As expected, the speed of convergence cannot increase if we switch from one summability method to a
stronger one. Comparative estimations for speeds are found. In particular, the families of integral Riesz methods, generalized
integral Norlund methods, and Abel- and Borel-type summability methods are considered. Numerical examples are given.
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1. INTRODUCTION AND PRELIMINARIES

Let us consider the functions x = x(u) defined for u > 0, bounded and measurable in the sense of
Lebesgue on every finite interval [0,u9]. Let us denote the set of all these functions by X. Suppose
that A is a transformation of functions x = x(u) (or, in particular, of sequences x = (x,)) into functions
Ax =y =y(u) € X. If the limit lim,_...y(u) = s exists, then we say that x = x(u) is convergent to s with
respect to the summability method A, and write x(u) — s(A). If the function y = y(u) is bounded, then we
say that x is bounded with respect to the method A, and write x(u) = O(A). We denote by wA the set of all
these functions x, where the transformation A is applied, and by cA and mA the set of all functions x which
are, respectively, convergent and bounded with respect to the method A. The summability method A is said
to be regular if

limx(u) =s = limy(u) =s
U—oo U—o0
whenever x € X.
The most common summability method for functions x is an integral method A, defined with the help of
the transformation
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where a(u,v) is a certain function of two variables u > 0 and v > 0. We also say that the integral method A
is defined by the function a(u,v). An example of the integral summability method is the generalized integral
Norlund method (N, P(u),Q(u)), defined with the help of the transformation

() = 07 ) P 0Wxt)ar (> 0),

where P = P(u) and Q = Q(u) are nonnegative functions from X such that R(u) = [y P(u—v) Q(v)dv #0
for u > 0.

For sequences x = (x;,) we do not consider in our paper matrix methods (which are the most common
summability methods), but focus ourselves on certain semi-continuous summability methods A, defined by
transformations

y(u) = i‘ban(u)xn (u>0),

where a,(u) (n=0,1,2,...) are some functions from X.

As examples on semi-continuous methods the Abel-type methods Ay = (A, o) with o > —1 (see [1])
and the Borel-type methods Ay = (B, @) with o > o (Where o is some fixed number) can be considered
(see [2,3]). The Abel-type methods (A, ) are defined by the transformation of x = (x,) into yq = y¢(u)
with

1 s u \"
=———— ) A% 1.1
Yo (u) (u+1)o+1 n;() n <u+1> Xns (1.1)
where A% are the Cesaro numbers. In particular, if o = 0, we have the Abel method A = (4,0).

The Borel-type methods (B, @) are defined by the transformation

(1.2)

where I'(-) is the Gamma-function and N is the smallest integer satisfying the inequality N >
max{—0p, —1/2}. In particular, if & = 1, we have the Borel method B = (B, 1).

One of the basic notions in this paper is the notion of the “speed of convergence”. We follow here the
definitions based on the definitions for sequences (see [4,5]) and extended for functions in [6,7].

Let A = A(u) be a positive function from X such that A(u) — e as u — oo. We say that a function
x = x(u) is convergent to s with speed A if the finite limit

lim A (u) [x(u) — 5]

U—0o0

exists. Note that the limit can be zero. If we have
A(u) [x(u) —s] = O(1)

as u — oo, then x is said to be bounded with speed A. We use the notations ¢* and m* for the sets of all these
functions x = x(u) which are convergent to some s with speed A and bounded with speed A, respectively.
In the obvious manner the notion of speed can be transferred to summability methods. We say that x is
convergent or bounded with speed A with respect to the summability method A if Ax € ¢* or Ax € m*,

respectively.
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2. RIESZ-TYPE FAMILIES OF SUMMABILITY METHODS

Here we discuss and extend the notion of a Riesz-type family of summability methods given in papers [6,8].
A. Let us start with some examples.

Example 1. Consider the generalized Nérlund methods Ay = (N,u®"!,g(u)), where a > 0 and ¢ = g(u)
is a positive function from X. These methods are defined with the help of the transformation of x into
AgX =yq = yo(u) with

1
Yl W

[ @t w0,

where rq = ro(u) = [ (u—v)*"g(v)dv.
It can be easily shown that any two methods Ay and Ag with B > y > 0 are connected through the
relation

M. u
)= 0 [P T e > 0) @
and
rg(u) =M, /0 (u—v)P7 1y (v)dv (u>0), (2.2)
where

_ )
M8 = Tor B -7 -

Let us prove first relation (2.2), starting from its right side and using the substitutions v/ =v—t and v =

My g /Ou(u—v)ﬁfyflry(v)dv = My /Ou(u—v)ﬁﬂ/*1 </0v(v—t)71q(t)dt> dv
= Mg /qu(t) </Ou_t(u—t —v')Byl(v’)Yldv’> dr

= Myﬁ/ou(u—l‘)ﬁilqa)B(ﬁ_%Y)dt
rg(u)

where B(.,.) denotes the Beta-function. The verification of (2.1) follows along the same lines; we just have
to replace ry(u) by ry(u) yy(u) and rg(u) by rg(u) yg(u).

In particular, if g(u) = 1 (u > 0), we have that rq(u) = u*/a and methods (N,u®~' g(u)) turn into
Riesz methods (R, @) (see [9]), and (2.1) takes the form

=" [P0 (0, 4
with o MG+ 1)
T+ e —)

Note that the same connection formula (2.4) appears for Abel methods (A, 8) and (A, y) defined by (1.1).
We have only to exchange places of y,(u) and yg(u) in it. More precisely, we have the relation (see [1])

(2.5)

M. u
yy(u) = u};ﬁ A (u—v)P7r1 v yg(v)dv (>0, B>y>-1), (2.6)

where M, 5 is defined by (2.5).
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Example 2. Connection formula (2.6), together with (2.5), appears also if we consider the methods
Aq = (D,a) (a > —1), defined with the help of the integral transformation (see [10])

VOC

Ya(u) = (ot + l)u/om W x(v)dw. 2.7

As there exist many other families with the connection formulas analogous to (2.1) and, in particular, to (2.4),
we next consider a more general notion, the notion of a Riesz-type family defined in [6,8], and extend it.

B. Let {Aq} be a family of summability methods Aq where' & ") o and which are defined by trans-
formations of functions x = x(u) € WA, C X into functions Agx = yo = yo(u) € X. Suppose that for any
B>y (i) o we have the relation

®A, C 0Ag 2.8)

or
WAg C WAy. (2.9)

Definition 1. A family {Aq} (a0 (f) o) is said to be a Riesz-type family if for every § > }/(f) o
<) relation (2.8) holds and the methods Ay and Ap are connected through (2.1) or
) relation (2.9) holds and the methods Ay and Ap are connected through the relation

M. u
yy(u) = ” Z’f) /0 (u—v)P71 ry(v)yg(v)dv  (u>0), (2.10)

where ry = ry(u) and rg = rg(u) are some positive functions from X related through (2.2) and My g is a
constant depending on y and 3.

In other words, a Riesz-type family is a family where every two methods are connected through the
connection formula

AB :C%ﬁ OAy (ﬁ >y

:Oﬁ)

(
in case <), and

061)

>
Ay=Cypodp (B> 7’(_

)

in case %), where Cy g is the integral method defined with the help of the function

My g (u—v)B=""1r,(v) /rg(u) ifO<v<u
= v.B 14 B ,
cyp (u,v) { 0 ifv>u.

Note that Definition 1 in case <) was given in [6,8]. We see that the methods (N,u®~!,q(u)) (o > 0) and
(A,a) and (D, o) (o0 > —1) discussed above form Riesz-type families. The first of them is a Riesz-type
family of case .27), and the other two are Riesz-type families of case £).

Let us consider some more examples of Riesz-type families.

Example 3. Let {Ay} be the family of generalized Norlund methods (N, py(u),q(u)) (o > ap), defined
with the help of positive functions p = p(u) € X and ¢ = ¢(u) € X and number @ such that

ra(u):/oupa(u—v)q(v)dv>0 (>0, o> a),

' The notation & (3 « means that we consider parameter values & > o or @ > ¢ with some fixed number ¢ .
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where pg(u) = [3'(u—v)* ! p(v)dv. It is known that relation (2.1), together with (2.2) and (2.3), holds for
any B > 7> ay (see [11]), and thus this family is a Riesz-type family of case 7).

Example 4. Consider the family {Ay} of Borel-type methods A, = (B, @, ¢q,) defined in [8]. Let (g,) be a
nonnegative sequence with go > 0 such that the power series ) g, u" has the radius of convergence R = oo
and g, > 0 at least for one n € IN. Denote

o nlgpu
ra(u)_n;l F(l’l—{—a)

n+a—1

and define the methods (B,a,q,) (o > —1/2) for converging sequences x = (x,) with the help of the

transformation
n+a—1

() 1 & nlguu
u)=

Yo ro(u) /= T'(n+ o)
The methods (B, &, g,) satisfy relations (2.1) and (2.2) with M, g = 1/T( —7) (see [8]). Thus {Aq} is a
Riesz-type family of case ). In particular, if ¢, = % we get the Borel-type methods (B, ) = (B, &, 1/n!)
(see (1.2)) because in this case rq(u) ~ " as u — oo.

Xn (u>0).

C. We discuss here the property of monotony of a Riesz-type family.

Lemma 1. Let {Ay} (o (i) i) be a Riesz-type family. The methods C, g are regular forall B>y > a.
These methods are regular also for all B >y = o, provided that the condition

lim | rg(v)dv=co (2.11)

u—o /0

holds.

Proof. For the case B > ¥ > a, this result was proved in [1] as Proposition 1. It remains to prove our
statement if B > v = . Because of the relation

Cop=Cs5p°Cq5 (B>6>0)
(which follows from (2.1)) in case /) and the relation
C(leﬁ = COC|,5 oCﬁ,ﬁ (ﬁ >0 > (Xl)

(which follows from (2.10)) in case A), it suffices to verify our statement only for o < 8 < o; + 1. We use
Theorem 6 from [9], which gives the sufficient conditions for the regularity of integral methods. Since the
methods Cg, g are defined by positive functions and [y ¢4, g(u,v)dv = 1 by (2.2), it remains to show that

vo

lim [ cg p(u,v)dv=0 (2.12)

u—o2 Jo

for every finite vg > 0. Supposing that v < vy < u, we get with the help of (2.11) that

c ) — Mo, p (u—v)P=0=1ry (v) B (u—v)B-o-1
a,plu,v) = rp(u) = 0,,(1) Jou—v)B=a=Try (v)dv

(u—v)B-o-1 v\B-au—1 1
= 0,1 —0,,(1) (1-2 S —
ol )”ﬁfalflfou roy (v)dv () ( ”> Jo roy (v)dv

= 0,() (1-

vfo>ﬁ*a1*1 1
fou ro, (v)dv

uniformly for 0 < v < vy as u — . Hence condition (2.12) is satisfied for every vy > 0. O

— 0
u
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Remark 1. As we can see from the previous proof, the transformations Cy g (B >y (f) o) transform all
bounded functions of X into bounded functions of X again.

Proposition 1. Ler {Ay} (a (i) o) be a Riesz-type family. Then we have for functions x = x(u) and numbers
sand B > }/(f) oy in case <) that

x(u) = 0(Ay) = x(u) = O(Ag) and  x(u) — s(Ay) = x(u) — s(Ap),
and in case A) that
x(u) = O(AB) = x(u) = O(Ay)and  x(u) — s(Aﬁ) — x(u) — s(Ay),

provided in both cases that (2.11) is satisfied if Y = o is included.

Proof. This result follows directly from Definition 1 because the methods C, g are regular by Lemma 1. [

3. COMPARISON OF SPEEDS OF CONVERGENCE IN A RIESZ-TYPE FAMILY

Theorem 1 below describes how the speed of convergence changes if we go from one summability method
in the family to a stronger one.

Theorem 1. Let {Ay} (00 > o) be a Riesz-type family. Let there be given some positive function

A = A(u) — oo from X and some number y > 0 such that Y((Z)) €X.

(i) Then we have for functions x = x(u) and numbers s and B >y
in case <) that

A(u) [yy(u) —s] = O(1) = Ag(u)[yp(u) —s] = O(1),
and in case A) that
A(u)[yp(u) —s] = O(1) = Ag(u) [yy(u) —s] = O(1),

where the speeds are related through the formulas

rp(u) . u Ly ry(u)
Ag(u) = bi Vit () = My /0 (=) by(0)dv and byl) = T8 3.1)
(i) Moreover, we have
in case <) that
A(u) [yy(u) —s] =1t = Ag(u) [yp(u) —s] — 1,
and in case A) that
Au) [yp(u) —s] =1t = Ag(u) [yy(u) —s] —1,
provided in both cases that
lim/ by(v)dv = oo. (3.2)
= Jo

Proof.
Case «7). Set oy = ¥ and consider another family of summability methods By, (@ > 7), defined by the
transformations of x into Ny = 7N¢ (u) with
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where Ay = Ag (1) is given according to (3.1). The methods By, obey the relation
M u
_ Myp / B—y—1
u)= u—v by(v v)dv 33

and form therefore a Riesz-type family. Notice that we have for o > ¥:

Ao (u) [ya(u) =] = O(1) <= x(u) —s = O (Ba), (3.4)

Ao () [yo(u) —s] =t <= x(u) —s — 1 (Bq), (3.5)

where Ay(u) = A(u). Now Proposition 1 in case /) (apply it to By and x(u) — s instead of Ay and
x(u)) yields the desired result. Notice that relation (3.3) defines the connection methods C;ﬁ such that
Bg = C; o By.

Case #). Define the methods Bg and By by transformations of x into the functions 1g and 7y,
respectively, where 1g (1) = A (u) yg(u) and 1y(u) = Ag(u) yy(u). Now we have the relation

M u
_ 7.B / B—y-1
u) = u—v by(u v)dy, 3.6
which yields the desired result due to the regularity of connection methods C;; B which have in case of (3.6)
the same shape as in case of (3.3). ]

Remark 2. Under restriction (3.2) the condition A (u) — oo implies Ag(u) — oo in Theorem 1. This follows
from the regularity of methods Cy g and C, 4 (apply C; 4 to the function A(u)[x(u) —s] —t, where r # 0 and
Cy g to the function x(u)).

We note that case /') of Theorem 1 can be considered as a generalization of case A) of Theorem 1
of [7], which was proved for matrix case. Certain evaluations of the speed of convergence for matrix
Norlund methods in Banach spaces were proved in a recent paper [12].

Next we will compare the speeds A = A (u) and Ag = Ag(u) described in Theorem 1 by proving some
inequalities.
Let a = a(u) and b = b(u) be two positive functions from X. If there exist positive numbers ¢, ¢;, and
up such that the condition
c1b(u) < a(u) < cyb(u) (3.7)

holds for every u > ug, we write
a(u) ~ b(u).

If the function b = b(u) is nondecreasing and condition (3.7) is satisfied with some positive numbers ¢; and
¢, for any u > 0, then we say that the function a = a(u) is almost nondecreasing.

Proposition 2. Let there be given a Riesz-type family {Aq} (¢ > o) and an almost nondecreasing function
A = A(u). Suppose that Ag = Ag(u) (B >y > o) is defined through (3.1). Then for B >7y> aoy we have

Ag(u) <MA(W) (u>0),

where M is some positive constant independent of u.

Proof. By the relation r,(u) = by(u) A(u) and the other formulas (3.1) we have

p(0) _ Jou— )P by ALY dy _s

R R LI A T R M

forany u > 0. O
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This result says that the speed of convergence cannot be improved by switching to a stronger
summability method. It is consistent with the results known for matrix methods (see [4,12]), which say
that a regular triangular matrix method cannot improve the speed of convergence (see also Proposition 2
in [7]). However, the speed cannot become much worse if we switch to a stronger method.

Proposition 3. Let there be given a Riesz-type family {Ay} (00 > o) and a positive function A = A(u).
Suppose that Ag = Ag(u) (B >y > o) is defined through (3.1). If by(u) = ry(u)/A(u) is almost non-
decreasing, then for B >y > o we have

K l"ﬁ (u)

Wl(u) (u>0),

Ag(u) >

where K is some constant independent of u.
Proof. With the help of formulas (3.1) we find that

Vﬁ(u) Fﬁ( )
lﬁ(”) bﬁ(u) f (u—v) )B=1- lby( )dv
Nr/s( u) _ Krg(u)
by(”) fou(”—v)ﬁﬂ’*ldv by(u) uB-v
K rg(u)
= ———Au
ry(u) uP =y ),

where the coefficients My g are determined by the given Riesz-type family, and N and K depend on y and f3
but not on u. O

Remark 3. If both A () and b, (u) are almost nondecreasing, then for B > y > &y we have by Propositions 2
and 3
Krg (u)
ry(u) uP=7
where K and M are positive constants independent of u.

() <Ag(u) <MA(u) (u>0),

4. EXAMPLES ON THE COMPARISON OF SPEEDS OF CONVERGENCE

Applying Theorem 1, we find here comparative evaluations of speeds of convergence for summability
methods in some special Riesz-type families.

Example 5. We consider the family of Riesz methods A, = (R, &) = (N,u®"',1) (a > 0). Let us choose
the speed of convergence A (u) = (u+1)P (p > 0) and some number y > 0.

Suppose that x = x(u) is a function having the given speed of convergence A (u) with respect to the
method Ay = (R, 7). Determine with the help of Theorem 1 the speed of convergence Ag(u) of x = x(u) with
respect to the methods Ag = (R, B) for B > 7.

Using formulas (3.1), we have Ag(u) = rg(u) / bg(u) with rg(u) = uP /B and

_ﬁY—rY %ﬁ )71 vY
bg(u) 7,,/3/ u—v) e v—|—1)PdV (u>0), 4.1)
where My g is the constant defined by (2.3).
It follows directly from (4.1) that
M u/2
7.8 —y—1_y—
bg(u) > )/2”/1 (u—v)P=7=1y1=P gy 4.2)

for every u > 2.
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a)If p <vy+1,then (4.1) yields due to Theorem 42 of [9] the equivalence
M. u
bg(u) ~ Lﬁ/ (u—v)P=11yr=P gy
Y Jo
as x — oo, Calculating the last integral with the help of substitution t = v/u, we get:
u 1
/ (u—v)Pr 1y Pay = uﬁf"/ (1—0)P=7r147=P s
0 0
= uPPBB—y.y—p+1).

Thus we have in this case that

MypBB-vy—p+1) 5,

bg(u) v
and
Liy+DI(B-p+1)
) Fgn—p+ ) “
as U — oo,

Evaluating the functions bg(u) and Ag(u), we do not calculate in further estimations (as we did in (4.2)
and (4.3)) the exact values of numerical coefficients any more. Moreover, in order to shorten our writings,
we do not emphasize further the dependence of these coefficients on parameters ¥, 8, and p with the help
of indices in these coefficients.

b) If p = y+ 1, it follows from (4.1) that

u/2 u
bg(u) < L1/ (u—v)ﬁyl(v+1)1dv+L1// (u—v)P "'+ 1) Tdv
0 u/2

u/2 dq L u

< Lzuﬁﬂ’*l/ 4 —l—i/ (u—v)P~1"1dy
0 v+1 U Ju/2

< LyuP " Vogu+LsuP~"" logu

= LeuP " logu

for every u > ugp, where ug is some positive number and L1,L;, ..., Lg are constants independent of u.
On the other hand, inequality (4.2) gives us that

ul2 g
4 > MyuP~""logu

u/2 B—v—1 1 B—v—1
b >M/ Ly D) ldv > M **/
g (1) s (u—v) (v+1)""dv hu T

for every u > uj, where u; is some positive number bigger than 2, and M, M,, and M3 are constants
independent of u. Thus we have shown that in this case

bg(u) ~ uP="logu

and
utt!

Ag(u) ~ . 4.4

plu) ~ ” (4.4)
c) If p > v+ 1, then starting from (4.1) and (4.2) and discussing analogously to case b), we come to the
relations

bg(u) ~ uP=7-1
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and
Ap(u) ~u?tt. (4.5)

As a result we have proved by (4.3)—(4.5) the following estimations:

Ly+HEB-p+1),
LB+1)0(y—p+1)

Au)
Ag(u) ~ q logu
A)u?’ P+t ifp > y+1.

Ap(u) ~ (u) ifp<y+1,

ifp=y+1,

Notice that case <7) of statement (i) of Theorem 1 holds here for any > y > 0 and p > 0. Moreover, if
p < y+1orp=vy+1, then condition (3.2) is satisfied and also case ') of statement (ii) of Theorem 1
works here.

Example 6. Consider the family of Abel-type methods A, = (A, ) (¢ > —1). Suppose that A (u) is the
same as in the previous example. Fix some number y > —1 and pose the same task as in the previous
example to find Ag(u) for B >y > —1.

Here the connection method C, g is the same as for the Riesz methods (compare relations (2.6) and
(2.4). So the same situation as in the previous example appears here and we get the same speed Ag(u).
Thus, case &) of statement (i) of Theorem 1 holds here. Moreover, if p < Y+ 1 or p = y+ 1, then condition
(3.2) is satisfied and also case %) of statement (ii) of Theorem 1 works.

The same situation appears if we consider the family of methods Ay = (D, @) (& > —1) (see Example 2).

Example 7. Let us consider the Borel-type methods Ay = (B, &, 1/n!) = (B,a) (&« > —1/2). Here we have
ro(u) ~ €" (see Example 4).

Suppose that A (u) = (u+1)P e*, fix some y > —1/2, and find Ag(u) for B > y again. Now we get for
B > y with the help of relations (3.1) that

bg(u) ~ /Ou(u—v)ﬁﬂ’*l ( ¢ dv= /Ou(u—v)ﬁ*}’*1 (v+1)"Pdv

v+1)PeY

Evaluating the last integral in the same way as in Example 5, we get the following results:

ub-r-1 ifp>1,
bg(u) =~ uP=1"Nogu ifp=1,
ub-r-p ifp <1
and
et A(u) .
ub=r=1 " yB—rtp-1 itp>1,
Crplw) e AMw
Ap ) = bg(u) - uP-v"1logu uP~7logu wp=5
et A(u) )
ey ifp <1.

Example 8. Consider here the methods A, = (N,u®"!, e”q’) (a > 0), where 0 < @ < 1 is some fixed number.
Suppose that A (u) = (u+1)P (p > 0). We have for B > 7y that (see [7, p. 236])
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Now we get with the help of (3.1) that
bg(u) ~ & y(1=9)B-p
and
Ag(u) =~ uP ~ A(u)
if B > 7. So, both statements (i) and (ii) in case .27') of Theorem 1 apply here with
Ag(u) =~ A(u).
u?

Example 9. Let Ay be the same methods as in the previous example, but suppose that A(u) = e
(0 < @ < 1). Then we have by (3.1) that by (u) ~ u!~?)7 and

u
bp(u) = [ (=PI by ) dy P00
0
for B > 7. Therefore statements (i) and (ii) of Theorem 1 in case .7) are true with

Ap(u) ~ & u®vr=B) — ,9(r-B) Au).

This series of examples could be continued.
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Eal o e

Summeeruvuskiiruste vordlemine Rieszi-tiiiipi peredes
Anna Seletski ja Anne Tali

On vorreldud funktsioonide (ja jadade) summeeruvust eri summeerimismenetluste korral Rieszi-tiiiipi
peredes (vt [6] ja [8]). On iildistatud ja rakendatud t66s [7] saadud tulemusi jadade summeeruvuskiiruste
vordlemisel. On tdestatud teoreem, mis vdimaldab voérrelda summeeruvuskiirusi eri menetluste korral
Rieszi-tiiiipi peres. On hinnatud summeeruvuskiirusi vorratuste abil. Niidetena on vaadeldud Rieszi ja
tildistatud Norlundi integraalmenetlusi, samuti Abeli- ning Boreli-tiilipi summeerimismenetlusi.



